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Abstract

We consider the following quasilinear attraction-repulsion chemotaxis system of parabolic-elliptic-
elliptic type with logistic source

uy =V - (Dw)Vu) = V- (xS(u)Vv) + V- (EF(u)Vw) + f(u), z€Q,¢t>0,
0= Av + au — B, r € Qt>0,
0= Aw + yu — dw, zeNt>0,

under homegeneous Neumann boundary conditions in a bounded domain Q@ C R"(n > 2) with
smooth boundary, where D(u) > cp(u +1)™"! with m > 1 and ¢cp > 0, f(u) < a — bu" with
n > 1. We show two cases that the system admits a unique global bounded classical solution
depending on 0 < S(u) < Cs(u+1)?,0 < F(u) < Cr(u+1)7 by Gagliardo-Nirenberg inequality.
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For specific D(u), S(u), F(u) with logistic source for n > 1 and n = 2, we establish the finite
time blow-up conditions for solutions that the finite time blow-up occurs at zo €  whenever

Jo uo(z)dx > Xasf& with xor — &y > 0, under [, uo(z)|x — zo|*dz sufficiently small.

Keywords: Chemotazis; attraction-repulsion; boundedness; blow-up; logistic source.

1 Introduction

We consider the quasilinear attraction-repulsion chemotaxis system of parabolic-elliptic-elliptic type
with logistic source

u =V - (Dw)Vu) = V- (xS(u)Vv) + V- (EF(u)Vw) + f(u), x€Q,t>0,

0= Av+ au — B, zeQt>0,

0= Aw + yu — dw, zeQt>0, (1.1)
%:%2215:07 x € 0Q,t>0,

u(z,0) = uo(z), x €,

where Q C R™(n > 2) is a bounded domain with smooth boundary and a% denotes the derivative
with respect to the outer normal of 0€2, x > 0 and £ > 0 are parameters referred to as chemosensitivity,
a,B,v and § are positive parameters , u(x,t),v(z,t) and w(x,t) denote the cell density, the
concentration of the chemoattractant and the concentration of the chemorepellent, respectively.
We assume that D(u), S(u), F'(u) satisfy

D(u), S(u), F(u) € C*([0,00)), (1.2)
and there exist some constants ¢cp > 0 and m > 1 such that
D(u) > ep(u+1)™"". (1.3)
The function f :[0,00) — R is smooth and it satisfies f(0) >0, a >0, b> 0 and n > 1,
flw) <a-—bu. (1.4)

Chemotaxis describes the oriented movement of cells along the concentration gradient of a
chemical signal produced by cells. The prototype of the chemotaxis model known as the Keller-
Segel model was first proposed by Keller and Segel [1] in 1970. In its general form, the (attractive)
Keller-Segel model is given by

{ ue =V - (D(u)Vu) = V- (xS(u)Vv) + f(u), x€Q,t>0, (1.5)

TUr = Av+u — v, zeQ,t>0.

In general, the chemicals diffuse much faster than cells because the chemical molecules are much
smaller than the cells. Hence, the chemotaxis system (1.5) can be approximated by setting 7 = 0.
The global solution with 7 = 0 and 7 = 1 have been investigated in the past four decades (1.5) by
using some important estimates. When D(u) = 1,S5(u) = w and f(u) =0, if n =1, (1.5) admits a
unique global solution; if n = 2, there is a critical mass phenomenon; if n > 3, finite-time blow-up
occurs in [2, 3] by usinig Lyapunov Function.  For general cases of D(u),S(u) and f(u) = 0,
many studies have considered the boundedness of the global solutions [4, 5, 6, 7, 8] and many
others have also addressed the finite time blow-up [9, 10] by using some important estimates. When
T =0,S5(u) =u, f(u) satisfies (1.4) and D(u) fulfills (1.3), Wang et al.[11] showed that (1.5) admits
a unique bounded global classical solution by Gagliardo-Nirenberg inequality. For (1.5) with more
general cases of D(u), S(u) and f(u), we can refer to [12, 13].
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In many biological processes, the interaction between cells and combinations of attractive
and repulsive signal chemicals can produce various interesting biological patterns, the following
attraction-repulsion chemotaxis model is produced in [14, 15].

ur =V - (D(w)Vu) =V - (xSw)Vo) + V- (§F(u)Vw) + f(u), z€Qt>0,
Tvs = Av 4+ au — B, x €,t>0, (1.6)
Twe = Aw + yu — dw, zeQt>0.

Fewer results are available for system (1.6) than (1.5), because there exists a useful Lyapunov
function for (1.5) and (1.6) does not admit such a function. When D(u) = 1, S(u) = F(u) = u and
f(u) =0, (1.6) with 7 = 1 admits a unique global bounded solution [16, 17] by Gagliardo-Nirenberg
inequality and some important estimates. When D(u) = 1 and S(u) = F(u) = u , f(u) satisfies
(1.4), (1.6) with 7 = 0, Jin and Wang [18] studied the boundness and blow-up in a bounded domain
Q C R? with 6 = 3,

xa—&y>0 and /uo(x)dac > ( 87 (1.7)
Q

xor = &)
When D(u) > Cp(u+ 0)™ ! with 0 > 0 and S(u) = F(u) = u , f(u) satisfies (1.4), (1.6) with
7 = 0, Wang [19] admits a unique global bounded classical solution, a global bounded weak solution
and the large-time behavior of solutions for a specific logistic source.

Tao and Wang [11] showed that the finite time blow-up for nonradial solutions, Zhang and
Li [20] showed that (1.6) admits a unique global bounded solution and they proved the large-time
behavior of a solution. For (1.6) with 7 = 0 for more general cases of D(u), S(u) and F(u) = u, f(u)
satisfies (1.4), Wang [21] admits a unique global bounded solution and they proved the large-time
behavior of a solution for a specific logistic source.

To the best of our knowledge, no rigorous result is available for more general case of (1.6) with
7 = 0. Thus the main aim of the present study is to explore on the global and blow-up solvability
of system (1.1).

The remainder of this paper is organized as follows. In Section 2, we show the local existence
and uniqueness of the solutions to system (1.1) and we give the mass estimates. In Section 3, two
different cases of a priori estimation are applied to establish the desired estimates for (1.1). It need
to be pointed out the distinction of these two cases lie in the mechanism which we take sufficient
advantage of in the process of establishing the estimates of (1.1). In Case 1 ( see Theorem 1), we
mainly rely on the logistic dampening, while in Case 2 ( see Theorem 2), the nonlinear diffusion
plays the critical role. Finally, Theorem 1 and 2 are proved based on the estimates of (1.1). In
Section 4, we obtain a sharp result on the blow-up for solutions to (1.1).

Theorem 1.1. Suppose that (1.2) and (1.3) are valid, f(u) fulfills (1.4) with b > 0 and n > 2.
Assume that

gs<n—-19<1
and
0<S(u) <Cs(u+1)!, 0< F(u) <Cr(u+1)f, (1.8)

then there exists a unique triple (u,v,w) of nonnegative functions which are bounded and solve
(1.1) in the classical sense.
Theorem 1.2. Suppose that (1.2) and (1.3) are valid, f(u) fulfills (1.4) with b > 0 and n > 1,

0<Su) <Cs(u+1)?, 0<F(u) <Cpu+1)¢

for max{q,g} < % + m — 1, then there exists a unique triple (u,v,w) of nonnegative functions,
which are bounded and solve (1.1) in the classical sense.
Theorem 1.3. Let

Dw)=1,5w)=Fu)=u, flu)<a-bu" for n>1 (1.9)

n (1.1), (1.7) hold with [, uo(z)|x — o|*dx small enough for an zo € €. Then the solution of (1.1)
blows up in finite time.
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2 Preliminaries

The local existence and uniqueness of the system (1.1) can be derived from the reasoning of Lemma
2.1 in [22], so we only state the result and omit its proof here.

Lemma 2.1. Suppose that (1.2)-(1.4) are valid. Then there exists a maximal existence time
Trmaz € (0,400) and a unique triple (u,v,w) of functions which solve (1.1) in the classical sense.
Also these functions have the following regularity properties:

u € C%Q % [0, Trnaz)) N C*H(Q X [0, Trnaz)),
v € C°Q X [0, Trmaz)) NC*H(Q % [0, Trnaz)) N L2 (0, Traz); WHH()), (2.1)
w € CUQ X [0, Trnaz)) NC*H(Q X [0, Trmaz)) L= ((0, Trnaz); WHHQ))

with [ > n and
u>0,v>0,w>0 in Q% (0,Tmae)-
In addition, if Tiae < 400, then

tim sup(([u(-, ) )1 () + [0, 8)t.oe gy + 0 Dl ) = 00 (2.2)

t max

Lemma 2.2. Let the assumption in Lemma 2.1 hold. Then there exists a constant C' > 0 such
that

/ u(z, t)dz < C, t € (0, Tmaz), (2.3)

/ v(z, t)dx < C, t € (0, Trmaz), (2.4)
Q

/ w(z, t)dx < C, t € (0, Trmax)- (2.5)
Q

Lemma 2.3. (Gagliardo-Nirenberg inequality). Let r € (0,«) and v € W'2(Q)NL"(Q).
Then there exists a constant Cgny > 0 such that

lll o) < Can (VP32 9150 + 14l ) (2.6)

where \* € (0, 1) satisfies

3 A Priori Estimates

In order to prove Theorem 1, we have a priori estimates for fﬂ(u + 1)Pdz in the following lemma.

Lemma 3.1. Suppose that (1.2) and (1.3) are valid, f(u) fulfills (1.4) with b > 0 and n > 2.
S(u) and F'(u) satisfy (1.8) with ¢ < n—1,9 < 1. Then for any p > %, there exists a constant
C > 0 independent of ¢ such that the solution (u,v,w) of system (1.1) satisfies

/(u—|— P)dz < C, £ € (0, Tras). (3.1)
Proof. Let
5u) = /0 Y+ )PS0, Flu) = /0 ()RR (3.2)
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Substituting (1.8) into (3.2), we obtain that

—_ u _ 1 _
< pta=2 - < ptg—1 .
S0 < € [ (17 < O 1 (33)
and
—_— u 1
< pt9=2 g~ < ptg—1 .
Flu) < Cr [ (C+17"72%00 < Cr ot 1) (3.4)

After multiplying both sides of the first equation in (1.1) by (u 4+ 1)P~! and integrating by parts
over (), we obtain that

1d

pdt Jq

= / x(p—1)(u+1)P"*S(u)Vu - Vodz — / Ep—1)(u+1)PF(u)Vu - Vwdz
Q Q

(u+1)Pdz + /Q(p —1)D(u)(u + 1)""*|Vul*dz

+ /Q(qu 1P f(u)dz. (3.5)

Adding (3.2) and (3.5) together,

1d

i Q(u + 1)Pdz + / (p — 1)D(u)(u + 1)??|Vu|*dz

Q

— —~—

=x(p—1) | VS@) -Vude —¢&p—1) | VF(u)- Vwdz + / (u+1)""" f(u)dz,
Q Q Q
— —x(p— 1)/ S(u)Avdz + €(p — 1)/ F(u)Awdz + / (u+ 1) f(uw)dz. (3.6)
Q Q Q
From the second and the third equations of (1.1), we obtain that

—Av < au, Aw < dw. (3.7)

Inserting (3.7) into (3.6) yields

1d » s ,
5@ Q(u—&-l) d:c—i—/ﬂ(p—l)D(u)(u+1) |Vu|*da
< OéX(p— 1)/Q§(\1-t/)udl‘+€5(p— 1),/$1F/’(\J)wdx+/n(u+1)p_1f(u)d$~ (3.8)

By (3.3) and (3.4), we obtain that

1d v - e
pdt/ﬂ(u+1) dm+/ﬂ(p 1)D(u)(u + 1) 7 |Vu|"dz

< 1)PT9-1,4d C 1P +9- 1,4 1Pt J -
< 1/9(u+ ) udx + Q/Q(u-F ) wm+/ﬂ(u+ )P f(u)de, (3.9)

_ Csax(p=1) _ Cré&é(p—1) e
where C = g1 and Cy = pig_1  are positive constants.

By ¢ <1 —1 and Young’s inequality, there exists a positive constant Cs3 such that

1-n

4 / (u+ 1)PH tude < /(u + )PP g 4 Cs. (3.10)
Q Q



Yan and Yang; JAMCS, 30(6): 1-16, 2019; Article no. JAMCS.47029

By n > 2,9 <1 and Young’s inequality, there exist positive constants C; (i = 4,5,6) such that

C’g/(u+1)p+g*lwdx
Q

< 04/(u+1)pwd:c+05,
Q

1—n
< 2 b/(u—i—l)pﬂdx—&—Ca/prdx—i—Cg;,
6 Ja Q
211y tn_1 1
< 5 /(u—i—l)p K d:c—i—C’a/wp dz + Cs. (3.11)
Q Q
Substituting (3.10), (3.11) into (3.9), we obtain that
1d (u+1)pdx+/(p— 1)D(u)(u+ 1)P?|Vu|*dz
pdt Jo Q
21-1p pn—1 pt1 p—1
< 3 (u+1) de+Cs | WPTdr+ | (u+1)P" f(u)dx + Cr (3.12)
Q Q Q

with positive constants Cs and C~.

Now, we estimate the integral fﬂ wPTdz according to a procedure similar to that employed by
[23]. In the following, we provide a brief outline for the sake of completeness. Since § > 0 and w
solves

—Aw+ow =~u, =€,
gu — 0, x € 99Q,

we can apply the LP estimates to deduce that
[w(- D)llw2r@) < CsllulDllLe@), € (0, Tinaz) (3.13)

with some appropriate positive constant Cs. By (2.5) and the Gagliardo-Nirenberg inequality, there
exist two constants Cy9 > 0 and C19 > 0 such that

/ wPtda < Cg”D2wH(p+1)€HwH(PJrl)(l*E) + CQHwH(erl)
Q

LP(Q) L1(Q) L1(Q)
S ClOHu”(LpP-'Egl)))E + ClOa te (07 Tmaz)7 (314)
_1
where € = 11+%’f1% . Since p > %, it is easy to check that € € (0,1) and (p + 1)e < p. Hence, we use
Young’s inequality for n > 2 to obtain that
Cg/ wPtldx
Q
< C’10HUH1£,,(Q) + C1o
1-n
< 2—b/ uPd 4+ Cn
6 Jo
2171 _
<= / (w4 1P da + Cha. (3.15)
Q

Combining (3.12) with (3.15) yields

%%/(““)pda”*/(ﬂ* 1D (u)(u+1)P | Vul*dz

Q Q
1-n

< b22 /Q(U+1)P+n71dm+/9(u+l)Pflf(u)dx#»Clg, (316)
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Since f(u) satisfies (1.4) with 7 > 2 and Young’s inequality and (u 4 1)" < 277! (47 + 1) for > 2
implies u” > =L+ (u+1)" — 1, (3.16) can be further written as

on—1

1d » p—2 2
i (w+DPdz+ [ (p—1)D(u)(u+ 1) °|Vu|"dz

Q Q

2'77p 1 1 1

< /(u—|—1)p+’7_ dx—|—a/(u—|—1)p_ dm—b/(u+1)p_ u'dz 4+ Ch2

2 Q Q Q
< 21=p 211y

< /(qu 1P e 4 /(u+ 1Py
2 Ja Q

+b/(u+l)pflda:—b217"/(u+1)p+"71dx+013
Q Q

1-n 1—n
< 2 Qb/(u_kl)pﬂfldm_i_ 2 b/(u+1)p+"’ldx—b21’"/(u+1)”"*1‘“"'013
3 Q 6 Q Q
1—n
< 2 /(u+ PP e + Cha. (3.17)
Q

Using Young’s inequality again, we obtain that

1 27 1
» / (u+1)Pdz < : /(u + )"t Nz 4 Cys. (3.18)
Q Q

Thus, combining (3.17) and (3.18), we conclude that

%/(u +1)Pde+ / (u+1)Pdz < Che, t € (0, Trmas), (3.19)
Q Q

from Gronwall’s inequality, we obtain that

/(u+1)Pda¢§2max{/(u0+1)pdx,016}, t € (0, Trmax),
Q Q

which implies the desired uniform estimates. |

In order to obtain Theorem 2, we have the following lemma.
Lemma 3.2. Suppose that (1.2) and (1.3) are valid, f(u) fulfills (1.4) with b > 0 and n > 1.
Let n>2,m>1,0>1and

n(p+m—1) 1 — —
2 [1 - 9(P+2Q*’m*1):| % (1 — ¢ 1)

20
a1 = ) Q2 = ) (320)
n n(p+m—1) n n(p+m—1)
=5+ 55— e e
n(p+2q—m—1) [1 _ 1 }
By = (p+2¢g—m—1a1 _ 2 0(pt2q—m—1)
1= - ’
p+m-—1 1-2+ %
0—1
Gy 202 " (1-%")
p+m-—1 17g+n(p+2mfl)
satisfy ¢ < % +m —1.
Then there exist p sufficiently large such that
(1) a1 € (0,1), (1) a2 € (0,1), (74) B1+ B2 € (0,1). (3.21)
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Similarly,
n(p+2g—m—1) [1 _ 1 ]
By = 2 u(p+2g—m—1)
s =
n n(p+m—1) ’
L s
—1
- n n(pt+m—1)’
-5+ 55—
ifg<%-l—m—17 then
B3+ B2 €(0,1).
Proof. For
p>max{g,2+m72q}, (3.22)
we have that 1 — m > 0. If n =2, it is easy to derive (i) and (ii). If n > 2, let

n(p+m—1
0e e niptm=1) (3.23)
Q_TL(Z’+77’;1)’ (n—=2)p+2¢g—m-—-1) )" '

Then it is easy to verify 6 # ) for choosing p sufficiently large. Since (3.23) also implies

np+m—1) n
- <1-Z
20(p + 2 —m — 1) 2

which together with the definition of «; in (3.20) implies (i) in (3.21). By a computation, we deduce
that (3.23) is equivalent to

n—2 20

-1 .
ptm—1)>—— 7,

which implies
Tptm-11-" 1t P ym—) (3.24)
o \P 20 2 TP ’ :

we can infer (ii) in (3.21) by (3.24). In addition, if ¢ < £ +m — 1, we can verify that

1 1 1 2

H—m—1—-+2-2>- )<= —2. 2

p+2¢g—m il (2 29)<n—|—p—|—m (3.25)
Then we have that (3.25) is equivalent to
n(p+2¢g—m—1) 1 0—1 n . n

1- 1- =) <1241 —1 2
2 0p+2g—m—1] " 5p ) 1T talerm—1) (3.26)
which implies (iii) in (3.21). |

Lemma 3.3. Suppose that (1.2) and (1.3) are valid, f(u) fulfills (1.4) with b > 0 and n > 1,
max{q, g} < % +m—1,

0<Sw) < Co(u+1)?, 0< Fu) < Cr(u+1)7. (3.27)

Then for any p > max{%, 1+m—2¢,14+m— Zg} as well as sufficiently large, there exists a
constant C' > 0 independent of ¢ such that the solution (u,v,w) of system (1.1) satisfies (3.1).
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Proof. We test the first equation in (1.1) by (u 4 1)?~! and have

1d
pdt

< x(p —1/5 (u+1)""*Vu - Vodz — E(p —1/F (u+1)""*Vu - Vwdz

/(u+1)de+cD( 71)/(u+1)p+m73|Vu\2dm
Q

+a/(u+1)p_1dm—b/(u—i—l)p_lu"dm (3.28)
Q Q

for all t € (0, Traz). Since (u+1)7 < 277 (w4 1) for n > 1 implies u? > gr(u+1)"—1, (3.28)
can be further written as

1d
pdt

(u + 1D)Pdz +cp(p—1) / (u+ 1P 3| V2 d (u+ 1P g
Q Q

<x(p-— 1)/ S(u)(u+1)""*Vu - Vodz — E(p — 1)/ F(u)(u+ 1)P"*Vu - Vwdz
Q Q
+ (a+b)/(u+ 1P da (3.29)
Q
for all ¢ € (0, Tynaz). By virtue of the Young’s inequality and (1.8), we obtain that

x(p — 1)/ S(u)(u+1)P"*Vu - Vodz < xCs(p — 1) / (u+ 1)PT972%|Vul - |Vo|dz
Q Q

< 76D(p4_ 1) /(u + 1)p+m73|Vu\2d:U
Q

X'Ci(p—1

+ ) /(u—l— P2l ) de. (3.30)
Q

CD
Similarly, we have that
—&(p— 1)/ F(u)(u+1)""*Vu - Vwdz
Q
<&Cr(p—1) / (u+ )77Vl - [Vuldz
Q

< 7017(10— 1) /(u+ 1)p+m73\Vu|2d:r
Q

- 4
5202 p—-1) 2 1 2
+ Fci/(qm P29 v de. (3.31)
D Q

Since

(a+b)/(u+1)f’*1d;p < %/(u+1)m*1d:p+cﬁ, £ € (0, Tnas), Co > 0,
Q Q

we have the following result by (3.29), (3.30) and (3.31)

d 2ch /
1 P
P (u+ )Pdx + PE— |V (u

bp _
o /Q(u—i—l)p-"n Ydx

2 9 B 22 _
< M/(u+ 1)PH2=m =17y 2de + EC'L(p]‘)/(u+ )PP =1 gy de + Ce.
CD Q CD Q



Yan and Yang; JAMCS, 30(6): 1-16, 2019; Article no. JAMCS.47029

By using the Holder inequality, we can find C7,Cs > 0 such that

& [ rrass 202020 ] (g0

1 6-1
<Oy (/ (u + 1)9(p+2q—m—1)dx> (/ |VU\%dJI>
Q Q

1

1 n—
+Cs (/ (u+1)“<f’+29—m—1)dx)“ (/ \vM%d:g) " e (3.32)
Q Q

with @ > 1 and p > 1 for all ¢t € (0, Trmax). More precisely, (3.21) in Lemma 3.2 enable us to apply
(2.6) to derive

bp
on

(u+ 1P g
Q

1

0 2g—m— g p+m 1 %

</ (u+1) (r+2q 1)dx) = [|(u+1) I @

¢ L p+m—1 Q)

5= [e% +m— pFm—
& (Wt )™ R i el L TR Y o NN
LP+m 1(Q) LpFm—1 )
B
+m—1
= Co {/ IVt )= H} (3.33)
Q

with a1, 81 defined in Lemma 3.2 and positive constants Cy, C1o for all ¢ € (0, Traz)-
Since S > 0, v solves
—Av+ v =au, x €,
{ 2 =, x € 09,

we can apply the LP estimates to deduce that
[v(, ) llwzw @) < Crallul t)l|Lr o) for all t € (0, Trmaz). (3.34)

By (3.34), we obtain that

6—1

o
(/ |Vv|%dx> = Vol 2o < Cllut1]? (3.35)
Q L9-1(Q) 1(9)
Moreover,
ot 1
Lo 1(9)
-1 4
=+ 1)=F P,
L (p+m=1(0-1) ()
1— ag ptm—1 ﬁ
< On (V@+1)™ (u+ 1) || Flw+) =22
T () Lrtm—1(Q)

SCB{ V(a4 1)5
Q

}az

with ag, B2 defined in Lemma 3.2 and positive constants C2, Ci3 for all ¢ € (0, Trmaz), which along

with (3.35) gives
;1
</|Vv|9 1dm> <013{/ |Vu+1)

}ﬁz . (3.36)

10
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We substitute (3.33) and (3.36) into (3.32),

d » 2¢cpp(p /
dt/(u-l—l) dx+7( e = [ V™
n

_ B1+B2
: C{/ IV (u+ 1) ll“l}
Q

1 -1
+Cs (/ (u+1)“<p+29*m*1>dx>‘ (/ |Vw|%dx) NN (3.37)
Q Q

similarly, if g < % 4+ m — 1, by using the same argument as in Lemma 3.2, we can also find
B3 < 1,84 <1 and B3+ B4 < 1, where
n(1-5)

n . n(ptm=1)"’
= +=

27]? w1
Q

n(pt+2g-m=—1) |1 _ 1
2 n(p+2g—m—1)

n n(ptm—1)

-5+

B3 = , Ba=

then by Young’s inequality, (3.37) can be written as

jt/(u+1)”da:+ QCDp /|V + %—pl/(u+1)”+"*1dx
Q

_ B1+B2 b
<015{/ V(1) 5P +1} +cm{/ V(u+1)"5
Q

Due to f1 + B2 < 1, 83 + B4 < 1, applying the Young’s inequality to (3.38) and by an ODE
comparison argument, we obtain that

Bs+Ba
} 4 Chr. (3.38)

/(u +1)Pdz < C, t € (0, Trmax).
Q

O
Proof of Theorems 1.1 and 1.2. By recalling the L? estimates of w in (3.13), we can use Lemma
3.1 and Lemma 3.3 to find a positive constant C; such that

sup  [Jw(-,t)lwepo) < C1.
0<t<Tmas

Then, by selecting a sufficiently large p from the Sobolev embedding theorem, we can find a positive
constant C2 such that

sup  |[Vw(-, t)||Lee (@) < Co. (3.39)
0<t<Tmazx

Similarly, from (3.34), there exists a positive constant C3 such

sup  [|[Vu(-, )|l @) < Cs. (3.40)

0<t<Tmax

By using Lemma A.1 in [24], we can conclude that u is uniformly bounded in Q x (0, Tinaz). Thus,
we can find a positive constant Cy such that

||u('7t)HL°° S C’4 fOT all te (07Tmaac)7 (341)

which together with Lemma 2.1, we obtain (u,v,w) is a global bounded classical solution to system
(1.1). O

11
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4 Blow-up of Solutions

Denote B := {x € R?| |z| < R} and B; := {z € R?| |z| < r;} with R;,7; > 0,i = 1,2,3,4. The next
two lemmas are the well-known conclusions on elliptic equations and the Green function (refer to
[25]).
Lemma 4.1. Let u solves
—Au=f, z€B,
{ u =0, x € 0B,

with f € LP(B),1 < p < co. Then

u(z) = / G(z,y)f(y)dy for =z€B,
B
where G(z,y) is the Green function with the following properties:

(1) G(z,y) = N(z —y) + K(z,y), where N(x —y) = _ZL log |z —y| and K € C*(B x B),
7r

(i) G(z,y) = G(y,x) for x,y € B,
(#i1) |VoG(z,y)| < C/|z —y| in B x B for some C > 0.

Lemma 4.2. Let u € C?(Q) satisfies

—Au+Cu=f, z€B,
gu =, x € 0B,

with f € C°(Q), ¢ > 0. Then there exist Cp,Cy > 0 such that

llullr@) < Cpllfllprey, 1<p<oo,
IVulla) < Collfllzry, 1<q<2.

We construct ¢ € C*([0,00)) N W2>°((0,00)) with 72 > r1 > 0 by

7"2, Zf 0 S T S T1,
o(r) = a1r® 4+ asr +as, if r<r<ry, (4.1)
rirs, if r>mr
. 1 2rira 7‘%”‘2
with a1 = ——"—, as = =22 and a3 = ——L2-.
T2 —T1 T2 —T1 T2 T

® € [0,00) is defined as ®(z) = ¢(|z]) € C*(R?) N W°°(R?), which will play a key role in the
proof for the finite time blow-up of nonradial solutions.
Lemma 4.3. The function ®(x) satisfies

2.%'7 Zf ‘CE| S 71,
Vo) = | ZL(rs— e &, if m1< el <o,
0, if x| >re
and
IV(x)| < 2(0(x))?, (4.2)
ADP(z) =4 for |z| <r, .
Ad(z) <2 for |z| > ri. (4.4)

Proof. We can see [[25], lemma 2.1] for details.

12
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Moreover,
Ve(r) - V(y) VN(z —y) =, (z.y) € Bi x By, (4.5)
V() — V()| YN —y) < =251 (20) € B x R?, (4.6)
7T(T'2 — 7‘1)

Let (u,v,w) be the solution of (1.1) ensured by Lemma 2.1. We should show Tinaz < co. It suffices
to find a T" > 0 such that the ®-weighted integral of u(x,t) tends to zero as t — T. Inspired by
[25, 26] this will be realized via the following Lemma.

Lemma 4.4. Let

D(u)=1,5u)=F(u)=u, flu)<a—-bu" forn>1 (4.7)

forn=21in (1.1) , zo € Q and 0 < r1 < 12 < dist(zo, O), where dist(zo, Q) denotes the distance
between xo and 9. Then there exist C1,C2 > 0 only depending on r1, r2 and dist(xo, Q) such
that for ¢ € (0, Trnaz),

4
dt /g,

< 4/Qu0(z)da: - %;57 (/Q uo(x)dx)2 o3 (/Q uo(:yc)dx> (/Q w(z, ) — a:o)dx>
+Co (/Q uo(x)dx)g </Q w(z, Dz — a:o)da:>é , (4.8)

where ®(z) = ¢(|z|) with ¢ defined by (4.1).

Proof. Without loss of generality, assume that xo is the origin. Multiply the first equation of
(1.1) by ®(z) and integrate over Q. Due to the Neumann boundary condition of (1.1), 4% = 0 with
re < dist(zo, Q) by Lemma 4.3, [, uo(z)dz = [, u(x,t)dz and the estimates (4.3) and (4.4), we

obtain that

u(z,t)®(z — zo)dz,

% /Q wla, ) ®(z)ds = /Q B(2)(Au — XV - (uV0) + €V - (uVw) + f(u))dz,

< 4/Quo(x)dx + X/Qu(a:, H)VO(x) - Vou(z,t)dx

- 5/ u(z, ) Ve(z) - Vw(z, t)dz +/ O(z) f(u)dz. (4.9)
Q Q
By the procedure in the proof of Lemma3.1 [25] and Proposition 3.1 [26], we have that
4 u(z, t)®(z)dx
dt Jo

< 4/Quo(x)dx ~X (/Q uo(x)dx)2 + 0 (/Q uo(:c)dx) </Q u(w,t)@(:v)dx)

+Ch ( /Q uo(ac)dm)g ( /Q u(m,t)@(x)dx) : +J5 (4.10)

From (4.7) and Jensen’s inequality , we obtain that

Js = /ﬂ@(m)f(u)dm < a/ﬁ@(:c)dx—b/ﬂ@(m)u”dx

< a/ﬂ@(:ﬁ)dm —b (/Q @(m)udw)n dz (4.11)

13
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Since n > 1, by using Young’s inequality, we obtain that

—b (/Q @(m)udm)n de < C4 — bn/Q O (z)udz, (4.12)

by the definition of ®(z), we obtain a [, ®(x)dx is bounded. Thus, by (4.11) (4.12), we conclude
that

Jz < Cs/ uo(m)dac/ O(z)udz. (4.13)
Q Q
Combining (4.9)-(4.13) yields (4.8). |
Proof of Theorem 1.3. Denote
Ma(t) := / u(z, t)®(z — xo)dx (4.14)
Q

and

E(s):4/ﬂuo(x)dmeaT;£7 </ﬂuo(m)dx)2+6’1 </Quo(m)dx)s+6’2 </Quo(x)dat)2s .

By Lemma 4.4, we obtain that
d
an)(t) < E(Ms(t)), te€(0,Tmaz) (4.15)

By the definition of ®(x) in (4.1) and (4.14), we have that

Ms(0) = / uo®(z — zo)dz < / uo|z — zo|da.
Q Q

[N

Together with the condition (1.7), it is easy to check that for s > 0, E(0) < 0 and E (s) > 0. If
Jo uo(z)|z — xo| is small enough, then

E(Ms(0)) < 0. (4.16)

If the solution (u, v, w) exists for all ¢ > 0, then E (Ms(s)) is bounded.
From (4.15), it is obtained that

Ma(t) < My(0) + / " (M (s))ds
< Mg(0) + E(Ms(s)t

for s’ € (0,t). This concludes that there exists T € (0, 00) such that Me(0) + E(Me(s'))t < 0. This
is a contradiction to the nonnegativity of Mg (t). The proof is complete. O
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