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Abstract

This paper presents some new inequalities on Fractional calculus in the context of q-calculus.
Fractional calculus generalizes the integer order differentiation and integration to derivatives and
integrals of arbitrary order. In other words, Fractional calculus explores integrals and derivatives
of functions that involve non-integer order(s). Quantum calculus (q-Calculus) on the other hand
focuses on investigations related to calculus without limits and in recent times, it has attracted
the interest of many researchers due to its high demand of mathematics to model complex
systems in nature with anomalous dynamics. This paper thus establishes some new extensions
of Chebyshev and Riemann-Liouville fractional integral inequalities for positive and increasing
functions via q-Calculus.
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1 Introduction

The popular Chebyshev inequality reads that [1]

1

b− a

∫ b

a

f(x)g(x)dx ≥
[

1

b− a

∫ b

a

f(x)dx

] [
1

b− a

∫ b

a

g(x)dx

]
, (1.1)

where f and g are two integrable and synchronous functions on [a, b].

Two functions f and g are said to be synchronous on [a, b] if

[f(x)− f(y)] [g(x)− g(y)] ≥ 0,

for all x, y ∈ [a, b].

The inequality (1.1) is very important in literature and has many applications in diverse research
areas such as numerical quadrature, transform theory, probability, existence of solutions of differential
equations, and statistical problems. Many authors have investigated, generalized, and applied this
Chebyshev inequality. See ([2, 3, 4, 5] and the references cited therein) for more details.

2 Preliminaries

This section presents some definitions and theorems that are essential to the understanding and
establishment of our main results.

Definition 2.1. [6], the q- derivative of f is defined as

Dqf(x :=
dqf(x)

dqx
=
f(qx)− f(x)

(q − 1)x
, (2.1)

where Dq is a linear operator and the q-diferential of f is given by

dqf(x) = f(qx)− f(x). (2.2)

Thus

Dq(af(x) + bg(x)) =
af(qx) + bg(qx)− af(x)− bg(x)

(q − 1)x
. (2.3)

Dq

(
f(x)

g(x)

)
=
g(x)Dqf(x)− f(x)Dqg(x)

g(x)g(qx)
. (2.4)

Dq (f(x)g(x)) = g(x)Dqf(x) + f(qx)Dqg(x). (2.5)

(See also [7, 8, 9]).

The q-definite integral is defined as∫ b

a

f(x)dqx =

∫ b

0

f(x)dqx−
∫ a

0

f(x)dqx. (2.6)

and ∫ x

0

f(t)dqt = (1− q)x

∞∑
j=0

qjf(qjx), x ∈ (0,∞). (2.7)

The q-integration by parts is defined as∫ b

a

f(x)(Dqg)(x)dqx = f(b)g(b)− f(a)g(a)−
∫ b

a

g(qx)(Dqf)(x)dqx. (2.8)

Here are some further Definitons also found in ([10, 11, 12, 13]).
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Definition 2.2. Let [a, b] be a finite interval on the real axis R for (−∞ < a < b <∞). Then, the
Riemann-Liouville fractional integrals (left-sided) of a function f of order α ∈ C with R(α) > 0 is
defined by

Jαa+f(x) =
1

Γ(α)

∫ x

a

f(t)

(x− t)1−α
dt, x > a, (2.9)

where the Euler Gamma function is given by

Γ(α) =

∫ ∞

0

e−ttα−1dt, (2.10)

for α ∈ C.

The q-Euler Gamma function is defined as

Γq(α) =

∫ 1
q−1

0

e−qttα−1dqt. (2.11)

Details can be found in the following works ([14] and [15] and the references cited therein).

[16] also studied the Riemann-Liouville inequalities and established the following theorems.

Theorem 2.1. Let f and g be two synchronous functions on [0,∞), then

Jαfg(t) =
Γ(a+ 1)

tα
Jαf(t)Jαg(t), (2.12)

for t, α > 0.

Theorem 2.2. Let f and g be two synchronous functions on [0,∞), then

tα

Γ(α+ 1)
Jβ(fg)(t) +

tβ

Γ(β + 1)
Jα(fg)(t) ≥ Jαf(t)Jβg(t) + Jβf(t)Jαg(t), (2.13)

for t, α > 0.

Theorem 2.3. Let fi for 1 ≤ i ≤ n be positive and increasing functions on [0,∞), then

Jα(

n∏
i=1

fi)(t) ≥ [Jα(1)]1−n
n∏
i=1

Iαfi(t), (2.14)

for t, α > 0.

Theorem 2.4. Let f and g be two functions defined on [0,∞) such that f is increasing and g is
differentiable and there exist a real number m = inft≥0 g

′(t), then the inequality
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Jα(fg)(t) ≥ 1

Jα(1)
Jαf(t)Jαg(t)− mt

α+ 1
Jαf(t) +mJα(tf(t)), (2.15)

is valid for t, α > 0.

For the proofs of the theorems, see [16].

The following are some properties of the Riemann-Liouville fractional integrals ([17, 18, 19]).

Let α, β ∈ R and f1 ∈ C[a, b], then

Iβa+I
α
a+f(x) = Iαa+I

β
a+f(x) = Iα+βa+ f(x). (2.16)

This property is usually called semi-group property.

The anti-derivative property is also given by

Dαq Iαq f(x) = f(x), (2.17)

and

IαIβf(t) = IβIαf(t), (2.18)

for all α, β ≥ 0. This is also called the commutative property.

Definition 2.3. Let f be an integrable function on [a, b] and x ∈ (a, b), then

(
Iαq f

)
(x) =

1

Γq(α)

∫ x

a

(x− qt)(α−1)f(t)dqt, (2.19)

for all α ∈ R+.

3 Results and Discussion

We begin this section with a lemma.

Lemma 3.1. Let f and g be positive and increasing functions on [0,∞) such that f(y) > f(x) and
g(y) > g(x) for y > x, then

f(y)g(y) + f(x)g(x) > f(y)g(x) + f(x)g(y) (3.1)

holds for all x, y ∈ [0,∞).

Proof. Given that f(y) > f(x), then

f(y)

g(y)
− f(x)

g(y)
> 0. (3.2)

and for g(y) > g(x), we have

g(y)

f(y)
− g(x)

f(y)
> 0. (3.3)
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Thus (
f(y)

g(y)
− f(x)

g(y)

)(
g(y)

f(y)
− g(x)

f(y)

)
> 0. (3.4)

Implies

f(y)g(y) + f(x)g(x)− f(y)g(x)− f(x)g(y) > 0, (3.5)

f(y)g(y) + f(x)g(x) > f(y)g(x) + f(x)g(y) (3.6)

as required.

Lemma 3.2. Let α > 0 and t, x ∈ R+ then

∫ t

0

(t− qx)α−1

Γq(α)
dqx =

tα(1− (1− q)α)

[α]qΓq(α)
(3.7)

holds for t ̸= qx.

Proof. Considering the LHS of (3.2) we have∫ t

0

(t− xq)α−1

Γq(α)
dqx =

1

Γq(α)

∫ t

0

(t− xq)α−1dqx, (3.8)

=
tα−1

Γq(α)

∫ t

0

(
1−

(xq
t

))α−1

dqx. (3.9)

Let τ = xq
t
, thus ∫ t

0

(t− xq)α−1

Γq(α)
dqx =

tα

Γq(α)

∫ q

0

(1− τ)α−1dqτ. (3.10)

Also, let ψ = 1− τ, thus∫ t

0

(t− xq)α−1

Γq(α)
dqx = − tα

qΓq(α)

∫ 1−q

1

(ψ)α−1dqψ,

=
tα

qΓq(α)

[∫ 1

0

(ψ)α−1dqψ −
∫ 1−q

0

(ψ)α−1dqψ

]
. (3.11)

(3.12)

Using (2.7) and
∑∞
n=0 q

αn = 1
1−qα , we have∫ a

0

ψα−1dqψ = (1− q)a

∞∑
n=0

(aqn)α−1qn =
aα(1− q)

1− qα
, (3.13)

=
aα

[α]q
. (3.14)

Hence (3.11) becomes ∫ t

0

(t− qx)α−1

Γq(α)
dqx =

tα

qΓq(α)

[
1α

[α]q
− (1− q)α

[α]q

]
, (3.15)

=
tα(1− (1− q)α)

[α]qqΓq(α)
(3.16)

as requried.
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Lemma 3.3. Let f and g be positive and increasing functions on R+ such that f(y) > f(x) and
g(y) > g(x) for y > x, then

(
Iαq fg

)
(t) +

tα(1− (1− q)α)

[α]qqΓq(α)
fg(η) > Iαq f(t)g(η) + f(η)Iαq g(t) (3.17)

for η, t, α ̸= 0.

Proof. Using inequality (3.1) we have

f(ξ)g(ξ) + f(η)g(η) > f(ξ)g(η) + f(η)g(ξ). (3.18)

Multiply (3.18) by (t−ξq)α−1

Γq(α)
for t > ξq and integrating yields∫ t

0

(t−ξq)α−1

Γq(α)
fg(ξ)dqξ +

∫ t
0

(t−ξq)α−1

Γq(α)
fg(η)dqξ >

∫ t
0

(t−ξq)α−1

Γq(α)
f(ξ)g(η)dqξ +

∫ t
0

(t−ξq)α−1

Γq(α)
f(η)g(ξ)dqξ.

(3.19)

Applying Definition 2.3 and Lemma 3.2 we obtain(
Iαq fg

)
(t) +

tα(1− (1− q)α)

[α]qqΓq(α)
fg(η) > Iαq f(t)g(η) + f(η)Iαq g(t) (3.20)

as requried.

Theorem 3.4. Let f and g be positive and increasing functions on [0, t], then

(
Iαq fg

)
(t) >

qΓq(α)[α]q
tα(1− (1− q)α)

(
Iαq f

)
(t)

(
Iαq g

)
(t) (3.21)

for t ∈ R+ and α > 0.

Proof. Let t > ηq and multiplying inequality (3.20) by
∫ t
0

(t−ηq)α−1

Γq(α)
, we have∫ t

0

(t−ηq)α−1

Γq(α)
Iαq fg(t)dqη +

∫ t
0

(
(t−ηq)α−1

Γq(α)

)(
tα(1−(1−q)α)

[α]qΓq(α)

)
fg(η)dqη >

∫ t
0

(t−ηq)α−1

Γq(α)
f(ξ)g(η)dqη +

∫ t
0

(t−ηq)α−1

Γq(α)
f(η)g(ξ)dqη.

(3.22)

Also applying Definition 2.3 and Lemma 3.2 we obtain

tα(1− (1− q)α)

[α]qqΓq(α)

(
Iαq fg(t)

)
+
tα(1− (1− q)α)

[α]qqΓq(α)

(
Iαq fg(t)

)
> Iαq (f(t)g(t)) + Iαq (f(t)g(t)) . (3.23)

This simplifies to (
Iαq fg

)
(t) >

qΓq(α)[α]q
tα(1− (1− q)α)

(
Iαq f

)
(t)

(
Iαq g

)
(t) (3.24)

as required.

Corollary 3.5. Let f and g be integrable functions on (0, t), t ∈ R+ and f(y) > f(x) and g(y) >
g(x), then
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(Iqfg) (t) >
1

tα
(Iqf) (t) (Iqg) (t), (3.25)

for y > x and t ̸= 0.

Proof. Put α = 1, and q = 1 into (3.24) yields the required Corollary.

Lemma 3.6. Let f and g be positive and increasing functions on [0,∞), then

∫ t

0

(tα − (ηq)α)β−1(ηq)α−1

αβ−1
dqη =

α1−βtαβ(1− (1− qα)β)

qα[α]q[β]q
(3.26)

for all t, α, β > 0.

Proof. Considering the LHS of (3.6), we have∫ t

0

(tα − (ηq)α)β−1(ηq)α−1

αβ−1
dqη =

∫ t

0

α1−β(tα − (ηq)α)β−1(ηq)α−1dqη, (3.27)

= α1−βtα(β−1)

∫ t

0

(ηq)α−1
(
1−

(ηq
t

)α)β−1

dqη. (3.28)

Let τ =
(
ηq
t

)α
, this implies

∫ t

0

(tα − (ηq)α)β−1(ηq)α−1

αβ−1
dqη = α

1−β
t
α(β−1)

∫ t

0
(ηq)

α−1
(
1 −

(
ηq

t

)α)β−1 tα

qα[α]q(ηq)α−1
dqτ (3.29)

=
α1−βtαβ

qα[α]q

∫ qα

0
(1 − τ)

β−1
dqτ. (3.30)

Again let ψ = 1 − τ, then

∫ t

0

(tα − ηα)β−1ηα−1

αβ−1
dqη = −

α1−βtαβ

qα[α]q

∫ 1−qα

1
(ψ)

β−1
dqψ.

=
α1−βtαβ

qα[α]q

[∫ 1

0
(ψ)

β−1
dqψ −

∫ 1−qα

0
(ψ)

β−1
dqψ

]
.

Thus ∫ t

0

(tα − ηα)β−1ηα−1

αβ−1
dqη =

α1−βtαβ

qα[α]q

[
1β

[β]q
− (1− qα)β

[α]q

]
,

=
α1−βtαβ(1− (1− qα)β)

qα[α]q[β]q
. (3.31)

Theorem 3.7. Let f and g be positive and increasing functions on [0,∞). Then

Iα+βq fg(t) >
qΓq(β)Γq(α)[α]q

ωΓq(α)[α]q + tαΓq(β)(1− (1− q)α)
Iα+βq f(t)g(t) (3.32)

for all t, α, β > 0.

7



Ajega-Akem et al.; ARJOM, 15(2): 1-10, 2019; Article no.ARJOM.51963

Proof. By inequality (3.20) we have∫ t
0

(
Iαq fg

)
(t) (t

α−ηα)β−1ηα−1

Γq(β)αβ−1 dqη +
∫ t
0

tα(1−(1−q)α)
[α]qΓq(α)

Iαq g(t)
(tα−ηα)β−1ηα−1

Γq(β)αβ−1 dqη >

∫ t
0
Iαq f(t)g(η)

(tα−ηα)β−1ηα−1

Γq(β)αβ−1 dqη +
∫ t
0
f(η)Iαq g(t)

(tα−ηα)β−1ηα−1

Γq(β)αβ−1 dqη

(3.33)

for t > η.

Applying Definition 2.3 and Lemma 3.6 we obtain

α1−βtαβ(1− (1− qα)β)

qαΓq(β)[α]q[β]q
(Iαq )I

β
q fg(t) +

tα(1− (1− q)α)

q[α]qΓq(α)
(Iαq )I

β
q fg(t) > Iαq f(t)I

β
q g(t) + Iβq f(t)I

α
q g(t).

(3.34)

Let ω = α1−βtαβ(1−(1−qβ)α)
qα[α]q [β]q

and substitute into (3.34) yields

ω

Γq(β)
Iαq I

β
q fg(t) +

tα(1− (1− q)α)

q[α]qΓq(α)
Iαq I

β
q fg(t) > Iαq f(t)I

β
q g(t) + Iβq f(t)I

α
q g(t). (3.35)

Applying (2.16) yields

ω

Γq(β)
Iα+βq fg(t) +

tα(1− (1− q)α)

q[α]qΓq(α)
Iα+βq fg(t) > Iα+βq f(t)g(t) + Iα+βf(t)g(t). (3.36)

Thus

Iα+βq fg(t) >
qΓq(β)Γq(α)[α]q

ωΓq(α)[α]q + tαΓq(β)(1− (1− q)α)
Iα+βq f(t)g(t) (3.37)

as required.

Corollary 3.8. Let f and g be positive and increasing functions on [0,∞), then

Iα+1fg(t) >
1

tα
Iα+1f(t)g(t) (3.38)

is valid for t ̸= 0.

Proof. By leting ω = 0, β = 1, q = 1 and substituting into (3.37) yields the result.

Remark 3.1. Let α = 1 in (3.38), then

I2fg(t) >
1

t
I2f(t)g(t) (3.39)

for t ̸= 0.

4 Conclusions

This study presented some new inequalities involving Chebyshev and Riemann-Liouville fractional
integral inequalities for positive and increasing functions using q-Calculus. The results will contribute
significantly to knowledge that exist in this field of study and the academic world.
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