Asian
Research Journal of
Mathematics

Asian Research Journal of Mathematics

5(3): 1-14, 2017; Article no. ARJOM.26892
ISSN: 2456-477X

()

The Exponentiated Generalized Lindley Distribution

J. A. Rodrigues'’, A. C. Percontini’ and G. G. Hamedani®

1Departmemf of Education, Federal Institute of Bahia, Feira de Santana, 44.096-486, Brasil.

2Department of Mathematics, State University of Feira de Santana, Feira de Santana, 44.031-460,
Brasil.

3Depon”tmemf of Mathematics, Statistics and Computer Science, Marquette University, Milwaukee,
53201-1881, United States of America.

Authors’ contributions

This work was carried out in collaboration between all authors. All authors read and approved the
final manuscript.

Article Information

DOI: 10.9734/ARJOM/2017/26892

Editor(s):

(1) Xiao-Jun Yang, Department of Mathematics and Mechanics, China University of Mining and
Technology, Xuzhou 221008, China.

(2) Jaya Bishwal, Department of Mathematics and Statistics, University of North Carolina at
Charlotte, USA.

(3) Hamidah Ibrahim, Department of Computer Science, Universiti Putra Malaysia, Malaysia.
Reviewers:

(1) Septiadi Padmadisastra, Uni. Padjadjaran, Indonesia.

(2) Thomas L. Toulias, Technological Educational Institute of Athens, Greece.

(3) Min Wang, Michigan Technological University, USA.

(4) G. G. Hamedani, Marquette University, USA.

(5) Anonymous, Miami Dade College, USA.

Complete Peer review History: http://www.sciencedomain.org/review-history/20136

Received: 9" May 2016
Accepted: 14" June 2017

’Origina] Research Article Published: 20" July 2017

Abstract

A new distribution called the exponentiated generalized Lindley is proposed and studied. This
distribution includes as special cases the Lindley and exponentiated Lindley distributions. We
study the main properties of this distribution, with special emphasis on its moments and some
characteristics related to reliability studies. The estimation of the model parameters using
the methods of moments and maximum likelihood is also discussed. The flexibility of this
distribution is illustrated via an application to a real data set.
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1 Introduction

The probability distributions have been extensively used to describe real world phenomena. Due
to the usefulness of probability distributions, their theory is widely studied and new distributions
are developed. For example, [1] proposed the Weibull-Pareto distribution. [2] introduced the beta-
Dagum distribution. [3] proposed the Mc-Dagum distribution and discussed its various properties.
[4] introduced and studied the exponentiated Lindley distribution. [5] defined a five-parameter
beta Burr XII distribution and discussed its various properties. [6] introduced the Kumaraswamy
generalized gamma distribution. [7] studied the gamma-exponentiated Weibull distribution and [§]
studied the beta modified Weibull distribution.

The Lindley distribution is a popular life time probability distribution that has been used for
modeling in actuarial sciences, engineering and biological studies.

In this work, we propose a new distribution that extends the Lindley distribution. Some of the
main structural properties of this distribution are derived. The estimation of parameters using the
methods of moments and maximum likelihood is also discussed. The flexibility of this distribution
is illustrated via an application to a real data set.

The new distribution will serve as an alternative model to other Models available in the literature
for modeling positive real data in many areas.

The article is organized as follows. In Section 2, the exponentiated generalized Lindley distribution is
defined and some special sub-models are discussed. The moments and moment generating function
are derived in Section 3. Characterizations of the new model are presented in Section 4. The
estimation of the model parameters using the methods of moments and maximum likelihood is
discussed in Section 5. Finally, in Section 6 an application to a real data set is reported.

2 The Model

[9] introduced a one-parameter distribution, known as Lindley distribution, given by its probability
density function (PDF)

2

9@\ = g ()™, 21)

for x > 0 and A > 0. The corresponding cumulative distribution function (CDF) is

Gz \)=1— <1+ AAﬁ) e M. (2.2)

Let G(z) be the CDF of any random variable X. The CDF of a generalized class of distributions,
defined by [10], is given by

F(z;a,8) = {1 - [1 - G@)]"}", (2.3)
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where @ > 0 and 8 > 0 are two additional shape parameters. The corresponding PDF for (2.3) is
given by

f (@50, 8) = afg(2) [L = G(2)]" T {1 - [1 - G(x)]"}" 7. (2.4)

Replacing (2.2) in (2.3), we obtain a new distribution, called exponentiated generalized Lindley
(EGL), with CDF given by

F(z;a,8,\) = {17 (<1+ ;ﬂ) e“)ar. (2.5)

The PDF corresponding to F(x;a, 8, ) is

2 a—1 a1B-1
f(z;a,8,0) = ii)\l 1+ (1 + )\Y1> {1 - ((1 + /\)fl) efm) } e M. (2.6)

Fig. 1 shows the graphs of PDF of EGL distribution for various values of the parameters «, 8 and
A

1 ——a=23f=3%=2
A e a=kB=3A=05
| ——a=07p=2Ar=2
i — = a=3f=11A=12

Fig. 1. Graphs of the PDF of the EGL distribution for different values of the
parameters

2.1 Sub-models

Sub-models of EGL distribution for selected values of the parameters are presented in this subsection.

1. When o = 1, the EGL distribution is the exponentiated Lindley (EL) distribution, [4], with
the density given by

/6)‘2 Az -z Pt —Azx
s B A) = 1 1-11 ; 2.7
f @) = (1) o) e e (2.7)
2. If B =1, we have the generalized Lindley distribution with the density given by
ar? Az \* 7 e
ja,\) = 1 1 AT 2.8
Faan = 2o (14 25 ) e 23
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3 Properties of the Model

3.1 Expansions for the cumulative and density functions

For any real non-integer 3 > 0, [11] defined the power series

B)z
1— - , 3.1
a- = PE{ )
where |z| < 1. Using the series representation (3.1) in Equation 2.5, we can write

‘ Al+dr L\
F(z;0,8,)) = BZF —y+1 ( P > .

(3.2)

If @ > 0 is an integer and 3 is a real non-integer, we can write (3.2), through the known Binomial
Theorem, as

i~ . k
F(z;a,8,X) QZZF B).(a])! : < A ) aFem N, (3.3)

=0 k=0 J+1(y—k)!;!k! A+ 1

Using again the series (3.1), we can express the PDF of EGL distribution as

=\ (—1)? </3><A+1+Aw) U aaga
“T(8—j)j! A+1 ’

If « is an integer and f is a real non-integer, we can write (3.4), also through the known Binomial
Theorem, as

aBA?
A+1

flaso, B, 0) = (z+1)

Jj=

(3.4)

co a(j+1)—
1)’

_ _ aB¥’ PG+ =1 A\ —argrve
flmefod) = ot ;) Z:r Mal+1) =k — 11 vk'<A+1>”"ke e @)

For B integer, the index j in the previous sums stops at .

3.2 Moments
Lemma 1. (Equation (2.5.6.9), [12]). If 0 < Re(a), 0 < Re(p) and | arg(z) |< 7 then

/ 2z +2) P exp (—px)de =T (a) 2PV (a,a + 1 — p; pz), (3.6)
0
where VU (a, b; ) is the Gordon function defined by
r —1) 1 (a—b+1)pz” Il-b) «—
W\ r) = ————= .
(a,b;) Z @bkl T a—b+1 Z bkk' (87

=0
and (z); = (z) (x +1)...(x +j — 1) denotes the Pochhammer symbol.

Lemma 2. The n-th raw moment of the EGL distribution, as in (3.4), for 8 > 0 real non-integer,
is given by

E(X") = afin '(“1>nz —1) 1;()){@(n+1n+a( 1)+ Lal + (A +1))
+ [+ DA+D/ANY(n+2,n+a(f+1)+2a(i+1)(A+1))}. (3.8)

If 8 > 0 is an integer, the index j stops at [3.
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Proof. The n-th raw moment of the EGL distribution, as in (3.4), is given by
E(X™) = / z" f(z; a, B, \)dx
0

SL S G (AHW)““““NM
RS-0 (ﬂ—J)J!/ D (TR e T de. (3.9)

It follows from Lemma 1 that the n-th raw moment of the EGL distribution is given by

E(X™) = afn '(A+1) Z ) FJ() ){\Il(n+1 n+ai+1)+1alG+1)A+1))
=0
+ [+ DA+D/ANY(n+2,n+a(+1)+2a(i+1)(A+ 1))} (3.10)
O
3.3 Moment generating function
Lemma 3. The moment generating function of EGL distribution is given by
M (t Z {W (La(i+1) + LA + 1) = JA+ 1)/A)
=0
+ [(A+ )//\]\I’(Qva(j+1)+2; [@A(G+1) — (A +1)/N)}, (3.11)
where t < aX. The corresponding characteristic function is
p(t) = aﬂkz {‘I/(l a(j +1) + L aA(i+ 1) —it](A+1)/A)
+ A+ 1)//\} (2, a(j + 1)+ 2;[aX(f+ 1) —it](A+ 1)/} (3.12)
where i = v/—1.
Proof. The moment generating function of EGL distribution is given by
M) = /00 e’ f(z; a, B, N)dz
0
_aBN o~ (21T(B) /°° o (A +1+ Am)““““ —aAG+D)e
= )\+1j:0F(ﬂ—j)j!0 e“(x+1) 1 e dx
_aBN o (—1)jr(5)/°° (A—i— 1+ Am)a(jH)I —[eAG+1) —t]z
- A+1j§r(,@—j)ﬂ0 {53 ‘ -
(3.13)
The application of Lemma 1 shows that (3.13) can be rewritten as
M (t Z {W (La(G +1) + LA + 1) — ]+ 1)/A)
3=0
+ (A 1)/)\]\11 (2 a(j—|—1)+2 [@A(j+ 1) = tJ(A+1)/N)}. (3.14)
O
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3.4 Order statistics

Suppose X1, Xi,...,X, is a random sample from EGL distribution. Let X1., < Xo.n < ... < Xnin
denote the corresponding order statistics. From [13], the PDF and CDF of the rth order statistic,
say Y = X,.,, are given by

n! r—1 n—r
fry) = mF WIL-F]" " fy)

B ﬁwi< e )(_1)l F'"" " ) f(y) (3.15)
=0

and

Fy (y) i ( " ) Fiy)[1 — F(y)]"

= N
- ZZ( () e, (3.16)

where f(-) and F(-) are the PDF and CDF of the EGL distribution, respectively. It follows from
Equations 2.5 and 2.6 that

_ afA(1+y)n! A+14+ Ay I - o\l —ady
fry) = ()\+1)(r—1)!(n—7")'( A+ 1 ) ;( l )( 1)e

aq B(l+r)—1
A1y )7
x [1 (7A+1 e (3.17)

and

i = SR () (7 Yo b ()

J=r 1=0

4 Characterizations of Model

Characterizations of distributions is an important research area which has recently attracted the
attention of many researchers. This section deals with various characterizations of the EGL
distribution. These characterizations are based on: (i) a simple relationship between two truncated
moments; (i¢) the hazard function; (ii¢) the reverse (or reversed) hazard function and (iv) conditional
expectation of a function of the random variable. It should be mentioned that for characterization
(7) the CDF is not required to have a closed form.

We present our characterizations (i) — (2v) in four subsections.

4.1 Characterizations based on truncated moments

In this subsection we present characterizations of EGL distribution in terms of a simple relationship
between two truncated moments. The first characterization result employs a theorem due to [14], see
Theorem 2.1.1 below. Note that the result holds also when the interval H is not closed. Moreover,
as mentioned above, it could be also applied when the CDF F does not have a closed form. As
shown in [15], this characterization is stable in the sense of weak convergence.
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Theorem 4.1 Let (Q,F,P) be a given probability space and let H = [d,e] be an interval for
some d < e (d= —o00, e =00 might as well be allowed) . Let X : @ — H be a continuous random
variable with the distribution function F' and let g and h be two real functions defined on H such
that

Elg(X) | X >a] =Eh(X) | X >2]€(2), @€ H,

is defined with some real function 1. Assume that g, h € C' (H), ¢ € C*(H) and F is twice
continuously differentiable and strictly monotone function on the set H. Finally, assume that the
equation £h = g has no real solution in the interior of H. Then F' is uniquely determined by the
functions g, h and & , particularly

F<x>:/jclm

where the function s is a solution of the differential equation s’ = jifg and C' is the normalization
constant, such that fH dF = 1.

exp (=5 (u)) du ,

Proposition 4.1 Let X : Q@ — (0,00) be a continuous random variable and let , h(z) =
o4 1-p8

[1 - (1 + f‘—_fl) efo‘m} and g (z) = h(x) (1 + %) e ** for x > 0. The random variable X

has PDF (2.6) if and only if the function § defined in Theorem 4.1 has the form

« Ax W
= 1 .
& (z) a+1<+)\+1)e , >0

Proof. Let X be a random variable with PDF (2.6), then

(1-F(2))Eh(z) |X2m]:6<1+ A )ae*a“, x>0,

A+1
and
o Az “ —AMa+1)z
— > —
(A= F@) Bl | X 20l = 257 (145507 ) e a0
and finally

E@hE) -9 =h) [~ (1425 )] <o gor a0

Conversely, if £ is given as above, then

S () = ¢ (x) hix aX’ (1+z)

E@h@ —g@ 1+a(i+a) “70

and hence

s()y=alx—alog(l+AX(1+z)), z>0.
Now, in view of Theorem A.1.1, X has density (2.6).
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Corollary 4.1 Let X : Q@ — (0,00) be a continuous random variable and let h () be as in
Proposition A.1.1. The PDF of X is (2.6) if and only if there exist functions g and ¢ defined in
Theorem 4.1 satisfying the differential equation

& (x)h(x _aN(1+a) .
E@h(x)—g(@) 1+A(1+2x)’ >0

The general solution of the differential equation in Corollary 4.1 is

E(@) =1+ A1 +a) e {—/a/\2(1+w)(1+/\(1+w))a_16_m (h(2)) " g(x) + D],

where D is a constant. Note that a set of functions satisfying the above differential equation is
given in Proposition 4.1 with D = 0. However, it should be also noted that there are other triplets
(h, g, &) satisfying the conditions of Theorem 4.1.

4.2 Characterization based on hazard function

It is known that the hazard function, hr, of a twice differentiable distribution function, F', satisfies
the first order differential equation

Fl@) b,
F@) ~ he(e) @

For many univariate continuous distributions, this is the only characterization available in terms of
the hazard function. The following characterization establish a non-trivial characterization of EGL
distribution, for 8 = 1, in terms of the hazard function, which is not of the above trivial form.

Proposition 4.2 Let X : Q — (0,00) be a continuous random variable. For g = 1,the PDF of
X is (2.6) if and only if its hazard function hr (z) satisfies the differential equation

a3

hp(z) — (1+2) " he (z) = TS YIS

with the initial condition hp (0) = 927

Proof. If X has PDF (2.6), then clearly the above differential equation holds. Now, it the
differential equation holds, then

% (1 +2)  hr (@) :a)\2% (eaem ),
or

aX? (1+z)
hr (@) = T+ (1 +ax)
which is the hazard function of the EGL distribution for 5 = 1.
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4.3 Characterization in terms of the reverse (or reversed) hazard
function

The reverse hazard function, rr, of a twice differentiable distribution function, F' , is defined as

x € support of F.

Proposition 4.3 Let X : Q — (0,00) be a continuous random variable. The PDF of X is (2.6)
if and only if its reverse hazard function rp (x) satisfies the differential equation

Az a-l
_ afr? d 1+ 550
(@)~ (14 2) e @) = P (14 L (1)
+ 11— (1+7A’\f1) e~z

Proof. If X has PDF (2.6), then clearly the above differential equation holds. Now, if the
differential equation holds, then

e a—1
d _ afr? d (1+ >\+1)
7{(14—1") ITF(‘T)}: g a 5
dx A + 1dz 1— (1 + /\)fl) 6704)\1

or

apX? (L a) (14 25) "
re (z) = = ,
A+1)[1— (1 + ;—fl) e—arz]

which is the reverse hazard function of the EGL distribution.

4.4 Characterizations based on conditional expectation

The following propositions have already appeared in [16], so we will just state them here which can
be used to characterize the EGL distribution.

Proposition 4.4 Let X : Q — (a,b) be a continuous random variable with cdf F . Let 9 (x)
be a differentiable function on (a,b) with lim,_,,+ ¢ (z) =1. Thenfor 6 #1,

EWp(X) | X 2a]=6¢(x), x€(ab),
if and only if

Y(@)=1—F()5 ", z€(ab).

Proposition 4.5 Let X : Q — (a,b) be a continuous random variable with cdf F . Let 1 (z)
be a differentiable function on (a,b) with limgz_,,1 (x) =1. Then for & # 1,

Bl (X) [ X <a] =611 (x), € (ab),
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if and only if

1
Yi(z) = (F(2)) ", € (ab)

Remarks 4.4 (a) For ¢ (z) = (1 + )\Afl) e f=1,0= 11 and (a,b) = (0,00) , Proposition

4.4 provides a characterization of EGL distribution. (b) For ¢, (z) =1 — (1 + %)a e 5§ =

% and (a,b) = (0,00) , Proposition 4.5 provides a characterization of EGL distribution. (¢) Of

course there are other suitable functions than the ones we mentioned above, which are chosen for
simplicity.

5 Estimation of Model Parameters

In this section, we consider the estimation of the three parameters by the methods of moments and
maximum likelihood. Suppose z1,...,z, is a random sample of size n from the EGL distribution
given by (2.5). Under the method of moments, equating the theoretical moments FE (Xk) with the
corresponding sample moments,

1 n
M, = E;xf, k=1, 2, 3. (5.1)
respectively, one obtains the system of equations
/\+1)k — (=1)T(8) . ,
M, = aB\k!| = L (k+Lk+a(+ D)+ LaG+1)(N+1
o= st (24 > e G+1)+ LaG + DO+ 1)
+ [k+1)A+1)/N¥ (k+2,k+a(+1)+2,a(+1)(N+1))} (5.2)

which can be solved simultaneously to give estimates for o, 8 and A.

Now consider estimation by the method of maximum likelihood. The log-likelihood for a random
sample x1,...,z, from the EGL distribution is

log L (o, B, ) :nloga+nlogﬂ+2nlog/\—nlog(A—F1)—|—Zlog(1+xi) —ou\zgci

i=1 =1

S A+ 1+ Az S A L+Mz g\
+(a—1)210g <A7—|—1> +(5—1)Zlog {1— ()\74_16 A 1) ]
i=1 i=1
(5.3)

Differentiating the log-likelihood with respect o, 8 and A, respectively, and setting the result equal
to zero, we obtain the maximum likelihood estimates @, 8 and A of the unknown parameters «, (3
and )\, respectively.

6 Application

Now, consider the parameters estimation by beta-Dagum, beta-Lindley and Lindley distributions.
The PDF of beta-Dagum and beta-Lindley distributions are

1. Beta-Dagum (BD):

—aa— —q]8-1
f(z0,B8,Aa,b) = B?;)Aﬂ)xfbfl (1 + )\mfb) ' [1 — (1 + )\xfb) ] ; (6.1)

10
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2. Beta-Lindley (BL), defined by [17]:

f @, B,0) =

N 4z)e ™ (A4 14+2\77 0 AT+ )\ 6.2)
(At 1)B(a, B) At 1 A+l ¢ ’ ‘

where x >0, >0, >0, A >0, a>0, b>0 and B(-,-) is the beta function defined by

B (a,b) = /01 M (1=t at. (6.3)

The data set represents the failure times of the air conditioning system of an airplane. This data
set was taken from [18].

The maximum likelihood estimates (MLEs) of the parameters and the values of the Akaike Information
Criterion (AIC) are reported in Table 1. The results show that the EGL distribution provides a
significantly better fit than the other three models.

Table 1. The maximum likelihood estimates and AIC of the models

Distribution Maximum Likelihood Estimates AIC

BD a=297, B=1791, A=4.68, a=2.20, b=0.33 312.93
BL & =045, B =052, A =0.03 311.46
EGL & =005, 3=0.64, =028 309.86
Lindley X =0.03 321.27

Plots of the estimated PDF of the BD, BL, EGL and Lindley models fitted to these data are given
in Fig 2. The figure indicates that the EGL distribution is superior to the other distributions in
terms of model fitting.

1 ED
11 EL
0,020} —
T — - Landlew
m II
oorsH b
&
] N
=) 1 ol
cotofl N e
] : %
{ %
o,00s54]/! .
| = o
04 T T T T
a S0 100 150 200 Z50

Fig. 2. Histogram and estimated densities

The probability plots consists of plots of the observed probabilities, against the probabilities predicted
by the fitted model. Fig. 3 display the probability plots and supports the results shown in Table 1.

11
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Fig. 3. Probability plots from the fitted distributions

7 Conclusion

We proposed a new distribution, named the exponentiated generalized Lindley distribution distribution
which extends the Lindley and exponentiated Lindley distributions, among others. Several properties
of the new distribution were investigated, including the moments. The estimation of parameters
by the method of moments and the maximum likelihood have been discussed. An application of
the exponentiated generalized Lindley distribution to a real data show that the new distribution
can be used quite effectively to provide better fits than the beta Dagum, beta lindley and Lindley
distributions.

12
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