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Abstract 
The lid-driven cavity is an important fluid mechanical system that serves as a 
benchmark for testing numerical methods and for studying fundamental as-
pects of incompressible flows in confined volumes. These flows are driven by 
the tangential motion of a bounding wall. The lid-driven cavity serves as a 
benchmark for testing numerical methods and for studying fundamental as-
pects of incompressible flows in confined volumes. This article presents a com-
plete study of lid-driven cavity flows, with the primary focus being placed on 
the development of the flow when the Reynolds number was increased. In 
order to fully comprehend the physics of flow, it is necessary to take into con-
sideration not only pure two-dimensional flows but also flows that are peri-
odic in one space direction and the whole three-dimensional flow. 
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1. Introduction 

One of the simplest constrained geometries in which fluid motion can be ex-
amined is a rectangular or cubic container. Viscosity with constant density can 
be driven by tangential in plane motion of its enclosing wall, which is the most 
basic mechanical force [1]. A lid driven cavity (cuboid) in which one of the solid 
walls moves in an orthogonal manner to the other. The structure of the fluid 
flow in a hollow driven cavity by a sliding lid is a classical topic that has been the 
focus of extensive investigation for more than three decades [1] [2]. This prob-
lem has been studied by a broad variety of people. There are three explanations 
that might account for such a widespread interest [1] [2]. To begin, this issue has 
direct relation to many of the production techniques that are used in the coating 
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sector, which is important to note from a purely practical standpoint. Second, 
since it is a prototype issue, many of the flow phenomena that are present in 
flows with closed streamlines may be investigated inside it. These flow features 
include a shear flow, boundary layers, eddies, and a core vortex [1] [2] [3]. Fi-
nally, since it has a straightforward geometry but displays a complicated flow 
behavior, it is an excellent environment for evaluating the accuracy and effec-
tiveness of novel numerical approaches to the solution of the Navier-Stokes equ-
ations. This is because the geometry is straightforward [1] [2] [3]. Burggraf in-
vestigated the lid-driven cavity issue (see Figure 1) to examine whether the 
Prandtl-Batchelor theorem might be used. If a flow has closed lines, it will have a 
core of constant vorticity at infinite Reynolds numbers, according to the theory. 
It was Burggraf’s goal to prove this theorem quantitatively using finite differenc-
es. Until the Reynolds number of 400, he was able to achieve converging solu-
tions using his numerical technique [4] [5] [6]. The vortices in the corners and a 
central vortex characterize the lid-driven cavity flow in this Reynolds number 
range (BR and BL vortex). The downstream eddy is another name for the BR 
vortex (DSE). Pan and Acrivos4 carried out flow experiments in square and rec-
tangular cavities in order to derive the asymptotic behaviour of the flows. They 
experimented in the region of 20 to 4000 Reynolds numbers. The following is a 
summary of their findings about the flow in a cubical box. As the Reynolds 
number grows, core vortex moves to the geometric center of cavity and con-
sumes a large portion of its volume. When Reynolds number 500 is reached, the 
downstream eddy’s size begins to decrease rapidly [6]. Their research was predi-
cated on the premise that the observed flow patterns were two-dimensional [4] 
[5] [6].  

Because of the ease with which it may be assembled, the lid-driven cavity has 
been the subject of a significant amount of research. Both as a numerical 
benchmark problem and as a test bed for the investigation of specific physical 
phenomena, it has been used. There are more than 1800 results returned when 
you search the term “lid-driven” on the Web of Science [7] [8]. A review on 
lid-driven cavity flows seems to be warranted for the aforementioned reasons, in 
addition to the rapid development of this area of research. Considering that ap-
proximately 20 years have elapsed since Shankar and Deshpande published an 
introduction of the topic, this seems to be the case. Following the first numerical 
investigations conducted by Kawaguti and Burggraf, the pursuit of efficiency and 
accuracy got underway with the work of Ghia [8] [9] [10], and Schreiber, who 
computed the steady two-dimensional flow for Reynolds numbers up to 104 in a 
square cavity that was surrounded by three rigid walls and a lid that moved at a 
constant velocity. This was the beginning of the quest for efficiency and accuracy. 
Koseff and Street conducted a number of tests on the flow in three-dimensional 
cavities with varying lengths in the third dimension. A significant number of 
these studies were described in Koseff and Street. Dedicated three-dimensional 
test cases have been designed and analyzed numerically by several research groups, 

https://doi.org/10.4236/ajcm.2022.122018


N. O. Al-Atawi, D. S. Mashat 
 

 

DOI: 10.4236/ajcm.2022.122018 285 American Journal of Computational Mathematics 
 

with the results gathered in Deville et al. These test cases were stimulated by the 
experimental results as well as the problems that still needed to be answered. Af-
ter this joint effort, which did not yield very conclusive results for the targeted 
Reynolds number of Re = 3200, a new level of accuracy has been reached for 
two-dimensional flows by Botella and Peyret, who employed spectral methods 
combined with a dedicated treatment of the singular corners/edges where the 
moving wall meets with a stationary wall. Botella and Peyret’s work was able to 
achieve this new level of accuracy for two-dimensional flows by employing a 
dedicated treatment of the singular their approach produces a highly precise 
numerical solution for the two-dimensional issue up to the value of 103, and it 
does so all the way up [8] [11] [12] [13]. Benchmarks for three-dimensional flows 
became interesting as computer power continued to advance and the process of 
routinely computing three-dimensional flows grew more common. Albensoeder 
and Kuhlmann provided highly accurate three-dimensional flow fields for Re = 
103 by applying the method of Botella and Peyret to three dimensions. This was 
done for a variety of cavity lengths in the spanwise direction as well as for rigid 
and periodic boundary conditions at the end walls. In addition to acting as a nu-
merical benchmark, the lid-driven cavity problem is responsible for the emer-
gence of a large number of fundamental fluid mechanics phenomena. The dis-
continuous boundary conditions along the edges at where moving and statio-
nary walls meet are an important aspect for both an analytical and numerical 
approach of the issue. This issue is a particular instance of Taylor’s scraping 
problem, for which he has suggested solutions that are analogous to those pre-
viously proposed. At the apex of such an edge, the vorticity and the pressure 
move in opposite directions. This occurs because the boundary conditions for 
the velocity that is perpendicular to the edge are discontinuous [8] [13]. 
Closed-form solutions have been derived in terms of a series expansion of the 
steady flow at short distances away from the discontinuous corner for flows in 
two dimensions [8] [13].  

Singular velocity and pressure fields are captured even in a truncated series 
expansion, which can be used to speed up the convergence of the entire numerical 
task of solving the Navier-Stokes equations [14] [15]. Regularization/smoothing 
of the discontinuity is an artifice to remove the singularity. Because of the pres-
sure divergence that occurs when approaching the unique corners of the ma-
thematical problem, there is an indication that experimental realizations of the 
lid-driven cavity will encounter difficulties [14] [15] [16]. Cavitation will occur 
at the corner when the wall slides away from the edge and the pressure decreases. 
Pumping and leakage can occur as a result of a gap between a fixed wall and a 
moving one. The viscous flow around the acute corners formed by two statio-
nary walls is another oddity. A specific asymptotic behavior is observed in the 
form of an infinite succession of self-similar vortices whose size and intensity 
decrease geometrically as the edge is approached. Global vortex formations are 
also affected by these local effects, as well as changes in boundary motion and 
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the cavity’s height to width ratio [14] [15] [16]. This is especially true in two- 
dimensional Stokes flow. In addition to numerical methods, the bi-orthogonal 
series method or Greens functions can be used to solve these types of issues. 
More difficult is the theoretical asymptotic approach of the three-dimensional 
problem of the local flow near a corner where three rigid walls meet [14] [15] 
[16]. 

The development of the two-dimensional flow in response to an increase in 
wall velocity is yet another essential component of the lid-driven cavity flow [10] 
[17]. The steady, two-dimensional flow should, in the absence of instabilities and 
according to the Prandtl-Batchelor theorem, evolve for large Reynolds numbers 
to a vortex with an inviscid core of uniform vorticity that is surrounded by visc-
ous boundary layers that relate the vortex core to the boundary conditions [10] 
[17]. Experimentation and numerical analysis both backed up this pattern of 
behavior. However, the two-dimensional steady flow is not stable at high Rey-
nolds numbers, and when the Reynolds number increases beyond a critical value, 
smaller-scale vortices are shed into the cavity from the downstream end of the 
moving wall [10] [17]. This occurs when the Reynolds number exceeds a thre-
shold value. Also numerical investigation of a mixed convection flow in a lid 
driven cavity is done by using commercial finite volume package fluent to vi-
sualize the nature of the flow and estimate the heat transfer inside the cavity for 
different aspect ratio [18].  

2. Governing System  

The biological part of the modelling framework is based on the mass balance 
(continuity) equation for the state variables describing the transport (momen-
tum conservation) and reaction among the species which can be propagated as  

 ( ) ( ) ( ) ( ) ,i
i e i i iD R S

t
β

β β β β
∂

+ ∆ ⋅ = ∆ ⋅ ∆ + +
∂

             (1) 

where, ( ),i tαβ τ  is a conservative quantities like cell density or concentration, v 
is the velocity of the flow field and 3Rατ ∈Ω ⊂  stands for a position vector in 
a Cartesian coordinate system [10] [19]. The diffusive coefficient is eD  which 
describes the mixing in the system and it is influenced by the velocity profile and 
advection of the quantity. The reaction kinetics and temporal changes of the 
reacting species and described by the reaction term ( )iR β  and the source 
terms ( )iS β  respectively [10] [19]. The objective of this research article to iden-
tify the two numerical techniques with existence literature such that shortcom-
ing and merits of each scheme recommended for incompressible flows. Two di-
mensional lid driven cavity flow which was originated by Burggraf. He was also 
unsure of the singularity at the two corners due to moving lid in contact with 
stationary walls, later on which were rectified that specification of the velocity of 
either unity or zero at the two corners, alters the numerical results significantly 
[10] [19]. Dimensionless approach typically generalized the problem for fluid 
mechanics point of view which stated that dimensionless solution depends on 
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the set of dimensionless parameters, i.e. Reynolds number [10] [19]. Nondimen-
sionalizing the equations of motion is our goal in this part. Since it will allow us 
to accurately compare the order and magnitudes of the various terms which in-
volved in the aforementioned system [10] [19]. So, the incompressible continuity 
equation serves as a starting point,  

 0.⋅ =V∇                             (2) 

The Navier Stokes equations for incompressible Newtonian fluid with con-
stant characteristics are;  

 ( ) 2 ,P
t

ρ µ∂ + ⋅ = − + ∇ + ∂ 

V V V V g∇ ∇                (3) 

where, g  represents surface force (gravity), 0=g  while µ  is the viscosity of 
the fluid [20] [21] [22]. Also ρ  is the density while P is the pressure. In order 
to nondimensionalize the equations of motion, we now incorporate certain cha-
racteristic scaling parameters (reference) [20] [21] [22]. Base on scaling parame-
ters, we then define various nondimensional variables and a nondimsional oper-
ator [20] [21] [22]. The scaling parameters for L (characteristic length), V (cha-
racteristic speed), f (characteristic frequency), 0P P∞−  (reference pressure dif-
ference) and g (gravitational acceleration) in term of primary dimensions are L, 
Lt−1, t−1, mLt−2 and Lt−2 respectively [20] [21] [22].  

 * * * * *

0

, , , , .
P Pt ft P L

L V P P
∞

∞

−
= = = = =

−
x Vx V ∇ ∇            (4) 

The Equation (3) can be rewritten as;  

 ( )
* 2

* * * * * *2 *0
* 2 .

P PV VVf P
L Lt L

ρ µρ ∞−∂
+ ⋅ = − + ∇

∂
V V V V∇ ∇        (5) 

To make all the terms dimensionless, we can multiply Equation (5) with 2

L
Vρ

 

which lead to the following expression;  

 ( )
*

* * * * * *2 *0
* 2 .

P PfL P
V VLt V

µ
ρρ

∞ −   ∂  + ⋅ = − + ∇     ∂    

V V V V∇ ∇       (6) 

According to the Buckingham pi theorem, each of the components in square 
brackets in the preceding equation is a nondimensional grouping of parameters. 
Each term in square bracket in Equation (6) represents nondimensional num-
bers which can be elaborated as;  

. Strouhal NumberfL St
V

  = =  
 

0
2 . Euler Number

P P
Eu

Vρ
∞ − 

= = 
 

 

. Reynolds Number.LRe
VL
µ
ρ
 

= = 
 

 

So, nondimensional Navier Stokes equation is,  
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 ( )
*

* * * * * *2 *
*

1 .
L

St Eu P
Ret
 ∂

+ ⋅ = − + ∇ ∂  

V V V V∇ ∇           (7) 

Using special assumption to Equation (7), such as  

 1St Eu= =                             (8) 

2.1. Assumptions  

Some assumptions on the governing Equation (7) of flow can be written as;  

● Steady, two dimension such that 0
z
∂
=

∂
 and 0w = .  

● Density is constant which implies 0
t
ρ∂
=

∂
.  

● No mass or surface forces such that 0xf =  and 0yf = .  

2.2. Research System  

The governing Equation (7) of flow can be written as in components form so, 
two dimensional incompressible continuity equation (CE) is  

 0.u v
x y
∂ ∂

+ =
∂ ∂
 

 

                            (9) 

Momentum equation along x direction (MOMx) is,  

 
2 2

2 2

1 .
L

u u p u uu v
x y x Re x y

 ∂ ∂ ∂ ∂ ∂
+ = − + + ∂ ∂ ∂ ∂ ∂ 

    

 

    

               (10) 

Momentum equation along y direction (MOMy) is,  

 
2 2

2 2

1 .
L

v v p v vu v
x y y Re x y

 ∂ ∂ ∂ ∂ ∂
+ = − + + ∂ ∂ ∂ ∂ ∂ 

    

 

    

               (11) 

3. Methodology  

We have to discretize these Equations (9)   (11) to be able to handle in com-
puters. We use the SIMPLE algorithm to solve the research problem [23] [24] 
[25] [26]. A flow chart of the algorithm is shown in Figure 1. To solve an in-
compressible flow problem which is complicated because of the lack of an inde-
pendent equation of pressure. In the SIMPLE algorithm, the momentum equa-
tions are solved using a guessed pressure field [25] [26] [27] [28]. Then, the cor-
rection part of the pressure is derived by using the equation from continuity eq-
uation. After this, the new velocity and pressure fields can be derived. The fields 
can approach to the exact values as the iteration runs until its convergence. This 
algorithm is used in many commercial CFD codes. We also use the algorithm 
because the algorithm is suitable way to solve the fluid governing equations when 
it comes to the incompressible flow [28] [29]. The discretized equations with 
non-dimensional form of variables are shown below.  

There are many computational techniques that are most often employed in 
computational fluid dynamics. These include finite difference, finite volume, finite  
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Figure 1. The SIMPLE algorithm [29]. 

 
element and their variations [30]. The current study focuses mostly on the finite 
difference approach for computing solutions to the aforementioned systems (9) 
  (11) in term of variables (u,v & p) [8] [30] [31]. The discretized equations 
with non-dimensional form of variables are shown below (1).  

 , 1, , 1,: 0,i j i j i j i ju u v v
CE

x y
− −− −

+ =
∆ ∆

                  (12) 

1, ,1
, , ,: ,

n n
i j i jn n n

x i j i j i j

p p
MOM u u tA t

x
++ −

= + ∆ − ∆
∆

            (13) 

, 1 ,1
, , ,: ,

n n
i j i jn n n

y i j i j i j

p p
MOM v v tB t

y
++ −

= + ∆ − ∆
∆

            (14) 

where  

( ) ( )

1, 1, , 1 , 1
, ,

1, , 1, , 1 , , 1
2 2

2 2

2 21

n n n n
i j i j i j i jn n

i j i j

n n n n n n
i j i j i j i j i j i j

L

u u u u
A u v

x y

u u u u u u
Re x y

+ − − +

+ − + −

 − −
= − +  ∆ ∆ 

 − + − +
 + +
 ∆ ∆ 

 

( ) ( )

1, 1, , 1 , 1
, ,

1, , 1, , 1 , , 1
2 2

2 2

2 21

n n n n
i j i j i j i jn n

i j i j

n n n n n n
i j i j i j i j i j i j

L

v v v v
B u v

x y

v v v v v v
Re x y

+ − − +

+ − + −

 − −
= − +  ∆ ∆ 

 − + − +
 + +
 ∆ ∆ 

 

https://doi.org/10.4236/ajcm.2022.122018


N. O. Al-Atawi, D. S. Mashat 
 

 

DOI: 10.4236/ajcm.2022.122018 290 American Journal of Computational Mathematics 
 

( ), 1, , 1 1, 1
1
4

n n n n
i j i j i j i ju u u u u− + − += + + +  

( ), 1, , 1 1, 1
1 .
4

n n n n
i j i j i j i jv v v v v+ − + −= + + +  

The corrected values are defined as  

 
*

*

,

,

u u u
v v v

′= +

′= +
                          (15) 

and  

 * .p p p′= +                          (16) 

Now correction terms are define as;  

 

1, ,1
,

, 1 ,1
,

,
n n

i j i jn
i j

n n
i j i jn

i j

p p
u t

x
p p

v t
y

++

++

′ ′−
′ = −∆

∆
′ ′−

′ = −∆
∆

                    (17) 

( ) ( )
( ) ( ) ( ) ( )

2 2
1, 1, , 1 , 1

, ,2 2 2 2

n n n n
i j i j i j i j

i j i j

p p p px y
p D

x y x y
+ − + −

 ′ ′ ′ ′− −∆ ⋅ ∆
′ = ⋅ + − 

∆ + ∆ ∆ ∆  
     (18) 

where  
* * * *
, 1, , , 1

,
1 i j i j i j i j

i j

u u v v
D

t x y
− − − −

= +  ∆ ∆ ∆ 
 

4. Results and Discussion  

In this article, a finite difference numerical approach has been discussed in which 
two dimensional coupled system is studied. Validation of the results has been 
done by using computer program (MATLAB) by making comparison with bench-
mark. The numerical scheme (Equations (12) to (18)) using finite difference me-
thodolgy is applied on two dimensional steady incompressible system. Figure 2 
describes the results at Reynolds number Re = 40 in which the primary vortex 
can be seen from u-component of the velocity while two corner vortices in 
v-component of velocity. Figure 3 describes the results at Reynolds number Re 
= 400 in which the primary vortex can be seen from u-component of the veloc-
ity while two corner vortices in v-component of velocity while Figure 4 de-
scribes the results at Reynolds number Re = 1000 in which the primary vortex 
can be seen from u-component of the velocity while two corner vortices in 
v-component of velocity. Figure 5 represents a pressure profile for incompressi-
ble two dimensional flow. Second part of this article is to focus on the accuracy 
of the numerical scheme which linked with convergence criteria. Since, conver-
gence criteria define the accuracy of the result of the steady state problem [32] 
[33] [34]. The more converged, the more accurate results we could get. The “Re-
sidual” means the imbalance of the equations. Residuals would decrease as the 
calculations are proceeding and equations are converging [32] [33] [34]. When  
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Figure 2. Velocity components such as u and v with vortex generation at Re = 40. 
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Figure 3. Velocity components such as u and v with vortex generation at Re = 400. 

 

 
Figure 4. Velocity components such as u and v with vortex generation at Re = 1000. 
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Figure 5. Pressure profile at Re = 50.  

 
the residuals reach a specified tolerance, then the calculation recognized as being 
converged and when all the residuals reach the tolerance, the calculation will 
stop. Small tolerance gives accurate results but too small tolerance requires huge 
number of iteration step. We tried to compute with some tolerances and com-
pare with the results. From this, we found that the velocity distributions are al-
most same with each case which is 10−3, 10−4 and 10−5 as the tolerance [32] [33] 
[34]. Since we can get almost same results, so 10−3 as the convergence tolerance 
because the larger value of the tolerance gives shorter calculation time as men-
tioned above which always reduce the calculation time [32] [33] [34]. Now the 
velocity of the moving wall is 1 m/s which indicate that 10−3 is at least qualitative 
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convergence. However, even though the literature also says that stricter conver-
gence consideration is required for transport variables, thus 10−3 is enough be-
cause it gives, almost same results with the 10−5 in shorter time [32] [33] [34]. 

5. Conclusion  

Fluid dynamics can be studied in great depth using the lid-driven cavity problem. 
It is widely used for both qualitative and quantitative benchmarking, which has 
resulted in a wealth of data. However, there are still many unanswered questions 
that will require further examination. In constrained systems, the stability and 
transition scenario remains a big concern. There are still a lot of unanswered 
questions about the flow’s dependence on the spanwise confinement, which is 
given by the span aspect ratio. Analysis of the global stability of three-dimensional 
flows in constrained geometries shows promising techniques. Additionally, the 
Lagrangian topology and flow kinematics have recently attracted a lot of atten-
tion. The mixing qualities are determined by these flow features, as well as by the 
flow’s chaotic and regular sections. For three-dimensional flows, numerical com-
putations are expensive because of the high level of accuracy required. Streamline 
topology in steady three-dimensional flows has only recently been possible to 
address. 
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