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ABSTRACT. In this article, the authors obtain the boundedness of the frac-
tional Marcinkiewicz integral with variable kernel on Morrey-Herz spaces
with variable exponents o and p. The corresponding boundedness for com-
mutators generalized by the Lipschitz function is also considered.
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1. Introduction

In 1938 Marcinkiewicz [1] introduced the Marcinkiewicz integral. Later, Stain
[2] studied the bounded of Marcinkiewicz integral on LP(R™) for any p € (0, 1]
and bounded from L*(R™) to L»*°(R"). Torchinsky and Wang in [3] discussed
the boundedness for the commutator generated by the Marcinkiewicz integral
po and BMO(R™) function on Lebesgue spaces LP(R™). Pan and Wang [4]
established the boundedness of fractional Marcinkiewicz integrals with variable
kernels on Hardy type spaces.

Moving in another direction, Kovdéik and Rékosnik [5] introduced the class of
variable exponent Lebesgue spaces LP(") (R™), after that many authors has been
interested in studying the function spaces with variable exponents [6, 7, 8, 9, 10,
11]. Tzuki [12] and [13] introduced the class of variable exponent Herz-Morrey
space M K?’ZE.)(R”) and the boundedness of the sublinear operator satisfying
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size condition and fractional integral on those spaces were proved. Hongbin
Wang [14] studied the commutator of Marcinkiewicz integrals on Herz spaces
with variable exponent. In recent years, Yan Lu and Yue Ping [15] introduced
the class of M K;;()))‘ (R™) and also established the boundedness of multilinear
Calderon-Zygmund singular operators on those spaces.

In this paper, we consider the boundedness of the fractional Marcinkiewicz inte-
gral with variable kernel [ugq ] and its commutators [b™, 1o ] on M I'(z(p'()"))‘ (R™).
Now assume that S"~1(n > 2) the unit sphere in R” with the normalized
Lebesgue measure do(z'). Let Q € L®(R") x L"(S" !)(r > 1) be homoge-
neous of degree zero and satisfy the vanishing condition on S™~!, that is

/ ) Qz,2")do(2") =0, Vo € R™. (1)

The fractional Marcinkiewicz integral operator with variable kernel pg (0 <
v < n) is defined by

o (N@) = | [ 1Faea@P | ®)
0
where
Fasaa) = [ = 3)

|z—y|<t

Obviously, if v = 0, pa 4 is just Marcinkiewicz integral with variable kernels is
defined by

[SE

2

@ = [| [ T iwa) G n
0 Jz—yl<t

If Q = 1, then po, = py is a fractional Marcinkiewicz integral operator is
defined by

SIS

2
m@=| [ [ e G 6
0 |z—y|<t

The commutators of the fractional Marcinkiewicz integral operator with variable
kernels is defined by

[N~}
Nl=

o dN@ = | [ [ b s 5| - ©

=y &
0 Jz—y|<t
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Now, we need the further assumption for Q(z, z), the integral modulus w;(J) of
L” continuity of €2 is defined by

™

w,(8) = sup / |z, p2') — Qz,2")|"do(2') | ,1<r<oo

llell<é
and
Woo(0) = sup |Qz, uz’) — Qz, 2")],
llull<é
where 0 < § < 1, p is the rotation in s"7 1, ||u|| = sup |uz’ —2'].

2'eSn—1
Let E be a measurable set in R”™ with |E| > 0. Next, we introduce the Lebesgue
spaces with variable exponents.

Definition 1.1. [5] Let p(-) : E — [1,00) be a measurable function. The
Lebesgue space with variable exponent LP()(E) is defined by

|f ()|
U

p(z)
) dx < oo for some constant n > 0}.

LPO)(E) = {f is measurable : / (
E

The space L") (E) is defined by

loc

Lp(')(E) = {f is measurable : f € L?)(K) for all compact K C E}.

loc

The Lebesgue spaces Lp(')(E) is a Banach spaces with the norm defined by

p(z)
1 llzoo () = inf{n > 0 b/ ('f(n”) dr <1},

We denote p_ = essinf {p(z) : x € E}, py = esssup{p(z) : © € E}. Then P(E)
consists of all p(-) satisfying p_ > 1 and p4 < oo, and

B(E) = {p() € P(E): M is bounded on LP(')}’

where the Hardy-Littlewood maximal operator M is defined by

M) =swpr [ i)y
B(z,r)NE

We see that a function «a(-) : R — R is called log-Holder continuous at the

origin(or has a log decay at the origin ), if there exists a constant Cj,y > 0 such

that

C’lo
la(z) — a(0)| < ——2— Va € R™.
log(e + ﬁ)
If for some oo € R and Cjpg > 0, we have
Cio
la(z) — qoo| < og Vo € R"
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Then «(+) is called log-Holder continuous at infinity (or has a log decay at infin-
ity).

By P\ (R™) and PL9(R™) we denote the class of all exponents p € P(R™) which
have a log decay at the origin and at infinity, respectively. It is worth noting
that if p(-) € PL°(R™) N P29(R™), then we have p(-) € B(R").

Let By = {z € R" : |z| < 2¥},C) = By\Bi—1,Xx = XB,,k € Z. Almeida and
Direhem in [16] introduced the following definition.

Definition 1.2. Let 0 < ¢ < oo,p(-) € P(R") and «a(-) : R* — R with
a € L>®(R™).

(1) The homogeneous Herz space K;((.'))’Q(R") is defined as the set of all

fe LPO(R™\ {0}) such that

loc
1/q
— ka(-) q
171 s gy = (Z 2 kaLp<.>(Rn>> < o0,
kEZ
e nonhomogeneous Herz space V9(R™) consists of all f € J(R™
2) The nonhomog; H Kol (w fall f e LVO(R
such that
1/q
”fHK;((_‘)M(Rn = [|fxBollLro) @ny + Z [j27C )ka”Lp() (R") < 09,

E>1
with the usual modification when ¢ = oo

Definition 1.3. Let 0 < ¢ < oo,p(-) € P(R"),0 < A < oo and a(-) : R* —
R with a € L®(R™). The homogeneous Morrey-Herz space MK ()2 ( ™) is

2,p(+)
defined as the set of all f € L')(R™\ {0}) such that

loc

L 1/q
‘|f||1v11'<;22j)*(w) = i‘égz_m ( Z ||2ka(i)ka|qu<-)(Rn)> < 00,

k=—o00

with the usual modification when ¢ = oo

Remark 1.1. If o-) is constant, then MK (())’\(R") MK;“FA()(R”) IfA=0,

then MK(X(())’\(R”) = ;";())(]R"). If both «(+) and p(-) are constant and A = 0,

then MKZ;()_)’\(R”) = sz(R") is the classical Herz space introduced in [17].

Definition 1.4. [18] For 0 < 8 < 1, the Lipschitz space Lipg(R™) is defined by

Lips(R"™) = {f N Fllpips = sup M < oo} )

ryeRn zAy [T — yl?
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2. Properties of variable exponents

Before stating our main results, we introduce some key Lemmas which will be
used later. The next Lemma is the generalization of Herz with variable exponents
spaces in [16], and it was used by Lu and Zhu in [15].

Lemma 2.1. Let 0 < ¢ < o0, p(-) € P(R"),0 < A < 00 and o € L>®(R™). If
a(+) is log-Hélder continuous both at the origin and at infinity, then

1/q
ko
£l f e gy = MG sup 27 oA 2k O || 1,0 g

MK;PM (&™) ko<0,ko€Z k:X—:oo LrCI(Rm) '

1/q
-1
sup 2_%/\< > 2ka(o)quk|%p(v>(Rn)>
ko>0,ko€Z k=—00

Ckon [y, q Ve
SN SECTIATTRI RS

Lemma 2.2. [10]
(1) If p € P(R™), then for all f € LYO(R™) and g € LP'O)(R™), we have

+

[17@gta)ide < Ol ey 9l ey
]R'n.

(2) Ifp(+),q(),r(-) € R™, define p(-) by : ﬁ = ﬁ—&-%). Then there exists
a constant C such that for all f € LIO(R™), g € L") (R™), we have

1£9llrer@ny < CllfllLer @yl Lre> @ny-

Lemma 2.3. [19] Suppose that p1(-) € B(R"), Q € L=°(R") x L"(S"1). Let
0<~vy< ﬁ, and define po(-) by: 1%@)_1)27%3@) = 1, then for all f € LPrO)(R™),
we have

1Toy fll L2 @ny < ClFI oo @ny-
Lemma 2.4. [20] Suppose that p1(-) € B(R™), b € Lipg(R™), 0 < f < 1,
Q€ L®(R") x L"(S" ). Let 0 < v+ mpB < T ond define pa(-) by :

5 = ey = . Then for all f € LM O(R™), we have

1™, T ) fll ooy < CHOTp, 110 gy

Lemma 2.5. (1) Suppose that 0 < v < n,pi(-) € B(R"), 2 € L®(R") x

L7(S" 1), Let0 <y < (p?)+ and define pa(-) by p%(x) — pz%r) =1, then

for all f € LPrO)(R™), we have

HNQ,'foLPz(-)(R") < CHf”LT’l(')(]R")'
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(2) Suppose that b € Lip(R"™), 0 < i <n,p1(-) € B(R"), Q € L®(R"™) x
LT(S™ 1), Let 0 < v+ mpB < G- and define pa() by - — 2

pi@) (@) T
%, then for all f € LP*()(R™), we have
6™, o] fll Loz @ny < ClBN T, 11l Lor ) @eny-
Proof. (1) Applying the Minkowski inequality, we get

N

|z, z — T odt
o (7 0/| | [ |
z—y|
|z, z — 1
<C/| e Ol

.z~ )
<c/ )y,

We know that 7| |f| is bounded on LPO)(R™) (Lemma 2.3), then we
obtain

||UQ,"/(f)(x)”LP2(‘>(R") < CHTIQ\ﬁ‘ﬂ”LPz(V(Rn)
< Cllfl poro) @ny-
(2) By the same way which was used in above and applying Lemma 2.4
we can easily obtain the boundedness of the commutator of fractional
Marcinkiewicz integral with variable kernel on Lebesgue spaces with

variable exponent LP()(R™).
O

Lemma 2.6. [21] If0 <~y <n and p(-),q(-) € B such that pt < 2 and define

1 1 Y
p(x) q(x) n

r e R",
we have

IXBl Lao) @y ~ Bl = [IxBl Lee) (ny-
Lemma 2.7. [8] If p(:) € B(R"), then there exist constants d1,92,C > 0 such
that for all balls B in R™ and all measurable subset S C B
IxXBllre @ _ Bl sl s gy < ( 1| )51 IxsllLric) @n

)
OXBULPO®?) o oI21 22 LR 18 < c( 181
x5l Lre) mn) IS 1IxBl L5 o) @y BT Ixsll e o @y I5]

Lemma 2.8. [6] If p(-) € B(R™), there exists constant C > 0 such that for any
balls B in R™, we have

1
E”XB”LF(')(R")HXB”LP'(-)(Rn <C.
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Lemma 2.9. [7] Let b € Lipg(R™), m be a positive integer, and there exist
constants C > 0, such that for any l,j € Z with | > j
(1) CHolE,, < IBI””B/"HXBIIZ,}@(R”)H(Z’— bB)"XBlLro) ®ny < ClIbI Ty,
(2) 16 = bB,)™x By | Lo ey < BBl 7o X B Lo () -

3. Main Theorems and their proofs

Theorem 3.1. Suppose that 0 < v < n,0 < g < 0o and Q € L>®(R")x L"(S"1)
(1 <r <oo). Let pi(-),p2() € BR™), 1 < v < (p1)- < (p1)+ < %, p%(w) -

pz%w) = T and let a(x) € L>(R") be log-Hélder continuous both at the origin

and at infinity, such that

)\—n(52+7<a,§a+<n61—ﬁ, (7)
T

where 1,02 are the constants in Lemma 2.7. Then uq ~ is bounded from

o CE('),)\ n < Ot('),)\ n
MKq17p1(<)(R ) to MKq%pg(i)(R ).

Proof. If f € MK:;(

A
1,01 (-

) (R™), we applying

q1/q2
oo

oo
E a; < g a?l/qz, ai,as.... > 0.
=1 =1

ko q1/q2
L _ —koAqu kaf(-) o
”:quYfJ”MKa(%A Rn) sup 2 {kZOO H2 MQ”Y(f)Xk Lpz(')(Rn)}

a2,p2(-) ko€Z

ko

q1

< sup 27F0dn 7 H2ka(')m,v(f)xk
k=—o00

ko€Z Lr2O)(Rn)
If we denote
o o0
f@)y= Y flax;= Y fil»).
j=—o00 Jj=—o0
Then, we have
laq filly) catrn
R MKqQ(,I)?;(‘)(]R )
ko i q1
< sup 27F0rar 3RO N g L fl | Xk
koEZ k—=— F—
=— J o0 Lr2C) (R™)
ko k—2 &
< sup 27F0re N RO [N g L £l ] xk
ko€Z — .
k=—oc J=—0o Lpz(')(]Rn)
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ko ket 1 «
+ sup 27 FoAn z gkal) Z \o~ fil | Xk
ko€Z k=—o0 j=k—1 Lra ) (Rn)
ko IS q1
4 sup 27 Forn Z gka() Z lnaq fil | Xk )
ko€EZ k=—00 j=k+2 LP20) (R™)

Li1 +Li2 +Lis.

Therefore, we have
q
||Mﬂ,vfj‘|]vljka<->‘x &) <L +Lbi2+E3
a2,pr2(")

Below, we first consider Li5. By Lemma 2.1, we get

q1

ko k+1
Lo = max sup 2 koAa: Z 2ka(0) Z \o~ fil | Xk )
ko<0,ko€EZ k=—o00 j=k—1 LP2(‘)(]R”)
. k1 q1
k>Su1£) zZ g Z 2kl Z e fil | xn
020,k0€ k=—o00 Jj=k—1 Lr2() (Rm)
ko E41 o
+2*k°’\qlz ket Z lnaq fil | Xk
k=0 J=k—1 Lp2() (Rm)
Noting that ugq - is bounded on LP()(R™) (Lemma 2.5), we have
k41 “ k+1 "
20 (5 i) <o (5 s
j=k—1 Lr20) (R7) j=k—1 LP20) (Rn)
k+1
k(0
S Z ||2 o )|/1*Q,’yfj|||%lp2(')(Rn)
j=k—1
k+1
ka(0
< Z ||2 o )|fj||(£p1(-)(]Rn)'
j=k—1
Thus, we have
ko q1
Lips <maz{C sup 2 kodn Z HQka(O)\fXM’ )
ko<0,koEZ k= — 0o Lp1(~)(]Rn)
-1
q1
C sup [27Rore - HQ’““(O)Ika\
oo >0, ko €Z W LPl(‘)(Rn)
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koAq1:E:|‘2kaa°Lka|HLP“)(R" ] }

_|_
<O sy )
q1,p1(
Now we consider L7, we have
1
i Oz, z — ) o)
x, T —
st < | [|] P
le—y|<t [T =Yl t
0
1
2
) dt
e liWdy|
AU
=1L +1
Noting that z € Cy, j < k — 2, then |z — y| ~ |z| ~ |2¥|. Hence
1 1
B Yl (10)

z—y2 |22 |z —yP

By (10), and the Minkowski inequality, we show that

||

|Qxx dt

z—y|
Q x T — 1 1

1
2

e—y  [oP

ylnt [z —yl2

Qz,z — y%
<c/ﬂ \ﬂm|"g@
Oz, x
< Cau- knt/WJHﬂ<>wy

|Q%$*)|
SC/WVJ'@)W?J-

Similarly, we estimate I5. By the Minkowski inequality, we get

N

Qz,z — oodt
b<c/ﬂ Nrwn | [%] ay

M"71
=]
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<C/|'Q“ Lt

y[nmr=t

ol
.z~ )
<0/ m g W)l

So, we obtain that

Qx
- |<C/|M|f;( Jidy

By the generalized Holder’s mequahty assures that
o fi(@)] < C27 D Q(, 2 = y) | ey 15 W) £ gny - (11)
Hence, for any j < k —2 and Q € L>°(R") x L"(S"~!), we have

3=

2k'

960~ Dl < | [ ([ 196 rdoty)
2k—2 s

kn kn

< OHQHLOQ Rn)er(Sn 1)2 "' < 02 LA (12)
Again applying the generalized Hélder’s inequality, we have

1
||fj(y)||LT’(]R")— V1 'HLm(-)(Rn)”XBj||Lp’1(-)(Rn)~

We can define a variable exponent p1(-) > 0 by & = pll(,) + F%(-) duetol <7’ <
p~, we have

£ )l (Rn) = < ClfillLmo lIxs, ||Lm<> ]R") (13)

Moreover, we can observe that 13776) = % - pll(,) = p,ll() — ;, applying Lemma

2.6, we have
s, sy ~ 1B 7 168, ot - (14)

By (11)-(14), it follows that
o~ fi ()| < C27Fmotk=)%

'HLT’I(') ||XBj ||LIJ’1(-)(]Rn)'

Thus, we obtain

k—2
250N o filxe

j=—oc0

Lr2()
k—2
<C Z 2_k(7l_W)2(k_J)?2(k_])a+||2]a(‘)fjHLPl(’)||XB]'||LPI1(')||XBICHLT’2(')'
Jj=—00
i -1 1 _
Noting that, if OITIORRES then

C1IBI7 IxBl ) < X8l Lo < Col Bl x5 Leac
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(see[22], p.370).
From this, and using Lemmas 2.7-2.8, we have
k—2
< Z Q_k(n_7)2(k_j)72(k_])a+||2]a(.)fj||LT’l(')HXBJ‘||Lp’1(A)2_k’YHXBkHLPI(’)
j=—00

k—2

N ; ; Ix8; Il Lot
< Q*k(n*'v)g(kﬂ)72(kﬂ)a+||2Ja(‘)f,|| o (o 2R (=) D29 DL
Z S ||XBkHLP’1(-)

j=—00
k—2
<C Z 2(j—7€)(n51—%—a+)||2j0t(')fj||Lpl(_)
j=—00
k—2
<C Y 20290 fl . (15)

j=—00
Where { = (nd; — 2 — ay), from condition (7) noting that £ > 0. Now we

consider two cases 1 < ¢ < oo and 0 < ¢; < 1.
If 0 < g1 <1, we have

ko k—2
L1 < C sup 2 koA Z Z 2(]*’@)541||2Ja(‘)fj| (21131(')
ko€Z k=—o00 j=—00
ko—2 ko
—koA joul- i—k
SC:upZQ oAt Z ||2ja()fj”q£p1<-) Z 9(i—k)éaq
0€ j=—o00 k=j+2
ko—2
< C sup 27*0% > 12O g9,
0 j:—OO
< I, s oy (16)

a1,p1 (")

Case 2: If 1 < ¢1 < o0, applying Hoélder’s inequality, we obtain that

ko k—2
L1 < C sup 2~ Fora Z Z 2(]*@541/2“2]‘1(')]0” qum(')
kocZ k=—oc0 \j=—o00
k—2 a1/q
Z 9(i—k)€a1/2
Jj=—00
ko k—2
—ko\ j—k jo(-
< C sup 2 Fora Z Z 90 )§Q1/2“2J0¢( )f].| %1}71(‘)
ko€Z k=—oc \j=—o0
ko—2 ko

< Csup 27Rore N ieO) a0\ gli-ken /2
koE€EZ j=—oo k=) +2
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ko—2

< SUP2 Fords Z ||23a )fJ‘le(-)
ko€Z j=—oo
< o gy (1)
ql p1
Finally, we consider L3. Again by Lemma 2.1 we have
ko i q1
Li3 ~ mazx sup 27 hoAn Z 2ka(0) Z o~ fil | xe ,
FosO ko€t k==oo J=ht2 LP20) (R™)
q1
—1 00
sup 9~koAay Z 2ka(0) Z \o~ fil | Xk
Fo=0 ko€ k==o0 J=k+2 Lr20) (R™)
ko I q1
+2mhoda Y Tligkese | N Jua s fil |
k=0 j=k+2 Lr2() (R™)
= maz{F,G}. (18)

We consider F. Let € Ck,j > k + 2, then |x — y| ~ |y|, we have

/I Q(xTn,Y)lfJ( )dy

e—yl<t [T —

Nl

[yl

d
e £ ()] < / !
0

3

[

2
Y) dt
fiw)dy| —=
/’/m y|<t|x_ |n’ylj() t3
:.[3+I4.
By (10), and the Minkowski inequality, we show that
Qe —y) )
T, T —
IsSC W\f]( )| / = dy
z—y|
1
|Q(z, z — 1 1|2
< c/ L)) [ ——s — —=| dy
e 0|~
2z, z —y)| Ek
<C d
iy J |.%' yln y—1 J( )|‘.’Ij—y|% Y
9167
< ok} /mn}'m( )ldy
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Qa,z —y)|
<C/ P )y

Similarly, we estimate I4. By the Minkowski inequality and, we get

1

2

|me T dt

vl
<c/|'9” o

y[r ot lyl |
R

Rzl
<c C/ o )l

~

So, we have

Qx
o fs(@)] < C / eI

Applying the generalized Holder’s mequahty assures that

e fi(@)] < C277 Q@ 2 — y)l| ey |15 W) | 2o gy -
Hence, for any j > k42 and Q € LOO(]R”) x L"(S™"1), we can easy get

[z, z = y)llLr@n) < c2% QU oo ey Lr(s-1) < 2%
The same way which was used in (13) and (14), we have

1o i
15 o @y < CIB 172790 fll ol N o -
Combining (20) with (21), we obtain that
e fi (@) < C279 D £ oo llxs, | orc-

By (22) and again applying Lemmas 2.7-2.8, we show that

oo o
> lnaqfilxe <C Y 277 fllpmo s s o Ixsi e

j=k+2 Lr2() Jj=k+2

oo

IN

j— XB ©)
2(] k)’YHfj”LPl H kHLPl
IXB; | Lpr )

207R1| £ ]| Loy (202 D)

105

C Y 2 il I, | o2 X o
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o0
<C Z Q(k*j)(m&*’Y)||fj||Lp1<_)
j=k+2
<C > 2% £l . (23)
j=k+2

Where o = (nd2 — ). Now also we have two cases 1 < ¢; < oo and 0 < ¢ < 1.
If 0 < g1 <1, by (23) and o + a(0) > o + a_, we obtain that

ko [e°)
F<C sup 27Rdar N7 ohe@a N otk=doay pa
ko<0,ko €Z ke oo j=k+2 o
ki() k()_l
—koA ka(0 k—
<C sup 27Rw 30 gkeO@a N7 oldow pyn
ko<0,ko€EZ k= — oo j=k+2
ko
L D YD SECEATA T
ko <0,k EZ W = LP1
=F + Fs.
For Fi, we have
ko—1
FR<C sup —koAq1 Z 9ja(0) ql”fg o Z 9(k=j)(e+a(0))q1
— P
k0<0,ker =0 2 k=—00
k?o 1
<C sup 7R BT gie@umpm,
ko<0,ko€Z j=—o00 Lo
<IN ot ey (24
LI1 Pl
For Fy, since A —o — a(0) < A — 0 — a_, we obtain that
ko oo
F2 < C sup 2—koAQ1 Z Qka(o)(h Z 2(k—j)UQ12—j(¥(O)Q12j>\91
ko <0,ko€Z k=—00 Jj=ko
J
SN 0)
x 9 JAq Z 9ma(0) qufm”Lm()
m=—0o0
<C sup 2ROw Z ok(r+a(0)a
- k0<0,k0€Z k=—o0
o0
J(A—o—a(0))q1 a
X Z 2 ||f||MKu(-),>\. (R™)
J=ko q1,p1(+)
< o .
< O oo g (25)

q1,p1(+)
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Case 2: If 1 < q1 < 00, we get

q1
ko ko
F<C sup 2 ko Z oka(0)q1 Z k=)ol f5ll o1 ()
ko<0,ko€EZ k=—o00 j=k+2
ko o q1
+ sup 2—k0)\q1 Z Qka(O)q1 Z 2(k—j)a\|fg\|”,1(.)
ko<0,ko€EZ k=—o00 j=ko+1
For Fj3, using Holder’s inequality, we have
ko kO
F<C sup 27000 3 5 0Oyl 2t e On2
ko<0,ko€Z k=—oc0 j=k+2
X ¢I1/qi
0
« Z o(k—j)(o+a(0))q) /2
j=k+2
ko ko
SO sup 270 30 B0 2Oyl 207 @n/E
ko<0,ko€Z k=—o0 j=k+2
ko J=2
<C sup 2w Z 2ja(0)q1Hfj||Lm(_) Z 9(k=j)(e+a(0))q1/2
ko<0,ko€Z j=—00 k=—o00
< I s
q1.p1 (")
For Fj, we have
ko
F,<C sup 2 koo Z
ko<0,ko €Z e —oo
. q1
(5 20122
Jj=ko+1
ko oo
SC sup 27N R0 0 2O fyf g 2O N2
ko<0,ko€Z k=—o00 j=ko+1
q1/4;
oo
y Z 9(k—j)(o+a(0)=A)q; /2
Jj=ko+1

ko

<C sup gRAm T N7 IO fy 20D laOn/2
ko<0,ko€Z he o0 jha1
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k‘g o0

<C sup 9—koAq1 Z Z 9(k=3)(o+a(0)+A)q1/295Aq1 « 9—iAq1

ko<0,koEZ k=—o00 j=ko+1

X Z 2ma(0q1||fm||Lp1()

m=—0o0

k‘o o0
<C sup 2—kox\Q1 Z 2k/\(11 Z 2(k—j)(a+a(0)—/\)q1/2Hf||q1 PR

ko<0,ko€Z k= —o0 j=ko+1 <11 p1(- )(Rn)
S C||fHQ1 a( )5 A (Rn) (27)
q1 p1(

We can omit the estimate of G since it is essentially similar to that of F'. Hence
the proof of Theorem 3.1 is completed. O

Theorem 3.2. Suppose that b € Lipg(R"), m € N, 0 < v < n,0 < ¢ < o0,
and € L>®(R") x L"(S" 1) (1 < r < 00). Let p1(-),p2(-) € B(R™), 1 <7’ <
(P1)- < (PV+ < 5753 3l ~ ) = HE and let o(x) € L(R™) be log-
Holder continuous both at the origin and at mﬁnity and satisfying (1.7). Then

[0, o] is bounded from MK ()’\)(R") to MK (R™).

( q2,p2(-)

a1/q2

Proof. If f € MK;(;)(‘)(R”) we applying lz aj] Z /e A1, Q.. >
=1

0.

[I[6" ’MQ/‘/]f]HMKa( )

q2,p2 (- )(Rn)

q1/q2
q2
Lpz(-)(Rn)

Lp2()(Rn)

D
phe A { > HQka(')[bmymz,wa)Xk
koEZL k——o00

q1

ko
< sup 2~ FoAn Z H2ka(')[bmaﬂﬂ,v](f)Xk
kocZ k=—o0

If we denote

Z f(@)x; = Z fi(z)

j=—0o0 j=—00
Then we have
I[o™ ,MQ,W]fJHMKaz();()(Rn)
ko q1
< sup 27 FoAn Z gkal) Z 16", a1 fil | Xk
ko€EZ k=—o0 —__
= j=—00

Lpr2() (R™)
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q1

ko
< sup 27 MAn Z gka() Z 16", maqfil | Xk
ko€EZ ke _
= Jj=—o00 LPz(-)(Rn)
ko kt1 &
+ sup 27FoAn N RO (N B g 1] | Xk
ko€EZ k—— k—1
e J= Lr2()(R™)
ko q1
+ sup 27 korn Z gkal) Z 0™, paq]fil ) Xk
ko€Z
o€ k=—o0 j=k+2 Lr2 () (Rm)

= Loy + Loy + Los.

First, we consider Loy. Noting that [0, uq -] is bounded on LPC)(R™) (Lemmas
2.5), as argued about Ly in the proof of Theorem 3.1, immediately get

AT KO

’11 p1(

Las < CIbII7, ey

Ly (28)

Now we consider Loj, we have

[N

|

6™, e f ()] < /
0

/ QWﬁiﬁlwm—MMﬁ@My

z—y|<t ‘JZ‘ -y

le—yl<t [T —y[" 77!

| AT TZY) 1y b)) () dy

—J1+J2.

Noting that z € Cy, j < k—2, then |z —y| ~ |z| ~ [2¥|. By (10) and Minkowski
inequality, we show that

||

0 d
nee [ P —vrisel | [ G @
z—y|

2,z — )| . 1 N

<C e WV)( ) (y)| |f](y) W - W dy
1z, x — y)| B

<c [ i) - Wy

< 0Pt [EZ =Wy oy im g )y

|z =y
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e,z — y)| -
<c/ o 6@ = )" )y

Similarly, we estimate J;. By the Minkowski inequality, we have
1
3

Q(w —y) "

[ e -5 | [

3
|

|z, 2 — e 1
<C/| —y|n— 1|b( z) = b(y)| |fj(y)‘|x|dy

<c / B2 2 ba) — o) ™ 5 0

Jo < C

So, we obtain that

B, o f ()] < © C/ ) — bl )l
< Ct = [10(0,0— )lia) — o) 155 ()l
Cj
< C2HIb(a) " [ 1902 - pllf w)ldy
Cj

+ 274 / 9, — y)lb(y) — bs|™ £ (v)ldy
Cj
= A1 + A2

For Ay, it is easy to check that
Ay < €272 b)) — by || £ (W) Lo ey X B Lot gemy-
Now we consider A,. By the generalized Holder’s inequality, we have
Ay < C27F Q@ @ — )| e 15 (9) (0(y) = b5)™ | 10 ey
Similar to (13), (14) and applying Lemma 2.9, we have
175 @) (0(y) = b5)™ | L
< fillpero 1(0(y) = b5)™ X, i o
m mp
< CllbllupﬁllfjHLm(-)IB'\ " lIxs;llLsio

_ 1 7nﬁ
< CIBIIE | Bil ™ L fill o o | B I, g
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Thus, we obtain
_ _ i\ mp
Ay < Ol iy, 272D fil oo | By lIx, | ot o
From Aj, A> and again applying Lemma 2.9, we have

2ka) Z ,NQ'yfj7Xk

Jj=—o0 Lr2()
k—2
<C Z Q*k(n*“/)g(k*j)%g(k*j)wr||2ja(')fjHLm(_)
j=—0o0

mp
x (16 = bkl oo I, o + DB Bl 5 I o B o

k—2
< Clbll7y, D 2 Fm koo 2ie 0 gl

j=—o00
mB
x (1Bl I, g i I, o]
mp
Noting that, if {5 — 5oy = 252, then C1| B [[xsl pra0) < Ix8llpno <
+mp
Co| Bl Bl pracr (see[22], p370)
From this, and using Lemmas 2.7-2.8, we have
k-2
240N B o) f X
J=—00 Lr2()
k—2
< Cllblg,, S 27Frat-DEgkdar 2O p)
j=—00
1B,
IIXBj|\Lpg<->||XBk||Lm<~>+| =2 F G oo IxBll e
k TL
k-2
< CIbliTy, Y 272tk 19700 £l o lIxs, Il oy o X8l Lo
j=—o00
k—
m S (k=4) % g(k=f)ay || gie() s, i
< ClolTip, Z 27772 T2 12 fj||LP1(‘>|Bk|W
j=—00 X By Lr1 ()
k—2
< CIlEy, Y VRO 200 . (29)
j=—00

Furthermore, when a < nd; — 7, then the same arguments as L1; before, we
can conclude that for all 0 < ¢ < oo,

Loy < ClBITE 1% o

q1,p1(+)

. 30
(]Rn) ( )
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Finally, we consider La3. Again by Lemma 2.1, we have

ko

9—FkoAq1 Z

k=—o00

Los =~ max sup

ko<0,koE€Z

-1

9—koAq1 Z

k=—o0

sup
ko>0,ko€Z

ko o0

42 koAqs Z

k=0 j=k+2
= max{L, M}.

New we can choose L, then we have

1", o )] < / M o)~ L )

A/

—J3+J4.

Similar to the estimates of Jy, Js, such that x € Ck,j > k + 2, we have

b7, e f@)]] < O C/ )~ b1 )l

lz—y|<t ‘LIT -

2k(x(0)

Z IC

j=k+2

> ™ nasfl

.’£CE

Ya,x—y)
y[r=t

oo

DRI

j=k+2
7MQ,V f]| Xk
q1
Xk
LP2() (R™)

[b(x) —

q1

Xk

q1

Lpr2() (R™)

Lr2()(Rn)

b(y)] fi(y)dy

[

2
dt

13

N|=

2
dt

3

< C9-in=) / 1z, x — y)|[b(x) — b(y)|™|£;(y)ldy

Cj

< €279 |p(z) —bj|m/\Q(a: .

C;

Y1 fi(y)ldy

4 9-itn=) / [, 2~ y)lb(y) - bs[™ |5 (0)ldy

Cj
= Ag + Ay.

For Ags, it is easy to check that

As < C277=|p(z) — b

j|m||fj(y> ||LP1(.)(Rn) ||XB,- ||LP/1(~)(]R1L).

9
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By the same way which was used in As, we obtain that
i(n— mp
As S CIbI T, 277" £l on s |B5 1 x5
From Az and Ay, and also applying Lemmas 2.7-2.8, we show that

LP/l(‘)'

o0 o0
3™ panl i v <C > 2770 | e
j=k+2 Lr2() j=k+2

m
n

B
x (16 = 0™kl s I, i+ DB Bl 5 o, g I s

o)
< ClblITy, D 2727 il o Ixa, oo Xl Lo
J=k+2

o0
() x5l Lric)
< CIblIT,, D 2772V £ oo | Byl A

j=k+2 ||XBj||LT’1(')
gc||b|ygip5 Z 2(kfj)(n52*“/)||fjHLp1<.), (31)
j=k+2

Furthermore, when ay < A — ndy + 7, the similar way to the estimate of Lq3
before, we can easily get for all 0 < ¢ < oo,

Lo < CIEL A1 i o )
q1,p1 ()

We can omit the estimate of M since it is essentially similar to that of L. Hence
the proof of Theorem 3.2 is completed. O

Remark 3.1. If the variable exponent a(-) is constant, our results of this paper
all hold.
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