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Abstract

Rotation is antisymmetric and therefore is not a coherent element of the clas-
sical elastic theory, which is characterized by symmetry. A new theory of li-
near elasticity is developed from the concept of asymmetric strain, which is
defined as the transpose of the deformation gradient tensor to involve rota-
tion as well as symmetric strain. The new theory basically differs from the
prevailing micropolar theory or couple stress theory in that it maintains the
same basis as the classical theory of linear elasticity and does not need extra
concepts, such as “microrotation” and “couple stresses”. The constitutive re-
lation of the new theory, the three-parameter Hooke’s law, comes from the
theorem about isotropic asymmetric linear elastic materials. Concise differen-
tial equations of translational motion are derived consequently giving the
same velocity formula for P-wave and a different one for S-wave. Differential
equations of rotational motion are derived with the introduction of spin,
which has an intrinsic connection with rotation. According to the new theory,
S-wave essentially has rotation as large as deviatoric strain and should be re-
ferred to as “shear wave” in the context of asymmetric strain. There are nine
partial differential equations for the deformation harmony condition in the
new theory; these are given with the first spatial differentiations of asymme-
tric strain. Formulas for rotation energy, in addition to those for (symmetric)
strain energy, are derived to form a complete set of formulas for the total
mechanical energy.

Keywords

Linear Elasticity, Asymmetric Linear Elasticity, Asymmetric Strain,
Asymmetric Stress, Three-Parameter Hooke’s Law

1. Introduction

Modern seismology is developed based on the classical theory of linear elasticity
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[1] [2] [3]. However, the emergence of “rotational seismology” [4] [5] [6] has
presented another challenge to the classical elastic theory; that is, the theory may
not be capable of solving problems regarding rotation, because “the angular mo-
tions are not coherently incorporated in it” [7].

On one hand, antisymmetric rotation has been observed with the use of vari-
ous methods [8] [9] [10] [11] [12]. On the other hand, the prevailing classical
elastic theory is characterized by the symmetry in the definitions of stress and
strain, in Hooke’s law, and, consequently, in the equations of motion. This mis-
match has long been argued and addressed [7] [13] [14].

The logical conflict in modern seismological studies on rotation is very serious.
Body waves, including P- and S-waves, are most commonly used concepts. Be-
cause P-wave is strictly defined as “irrotational wave” [1] [2], S-wave must have
rotation; otherwise, it would not differ from P-wave. The conflict lies in that
S-wave, which should have rotation, is studied by modern seismology, which es-
sentially excludes rotation.

The symmetry of the classical elastic theory initially came from Cauchy’s
second law of motion, which proved the symmetry of stress in 1827 [15]. The
two fundamental principles in mechanics, namely, the momentum principle and
the moment of momentum principle, can be applied to either a rigid body or a
particle. Accordingly, a rigid body or a particle has six degrees of freedom in a
Cartesian coordinate system: three corresponding to translation, and three to
rotation or/and spin. Cauchy’s second law of motion was achieved by applying
the moment of momentum principle to an elastic body, which was regarded as a
collection of particles, without considering spin. Spin is also antisymmetric and,
as discussed later in this work, intrinsically connected with rotation.

In 1909, E. Cosserat and F. Cosserat introduced spin to develop a new theory
of elasticity with asymmetric stress [13]. The seminal work of the Cosserat
brothers, widely studied 50 years after it was published, has recently been com-
monly referred to as “micropolar theory” or “couple stress theory” [6] [7]
[15]-[21]. The theory of micropolar elasticity additionally considers not only
particle spin but also “microrotation” and “couple stresses,” including surface
couple and body couple stresses, to produce particle spin. For the micropolar
continuum, there are six elastic constants, in contrast to the material of the clas-
sical elastic theory, for which there are only two. The theory of the Cosserat
brothers has enlarged the scope of elasticity. However, its big leap from the clas-
sical elastic theory makes it difficult to apply to seismological studies [22].

In the present research, a new theory of asymmetric linear elasticity that is as
simple as the classical symmetric theory is established through comparisons be-
tween the two in relation to seismology. The new theory basically differs from
the prevailing micropolar theory or couple stress theory in that it has the same
basis as the classical theory of linear elasticity and does not need extra concepts,
such as “microrotation” and “couple stresses”. The new theory is easy to under-
stand as long as the concept of the spin of an infinitesimal block of deformable
medium, but not of a rigid particle, is accepted. The new theory is an exact up-
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grade that incorporates rotation as a coherent part from the pure classical linear
elastic theory, independent of nonlinearity, finite deformation, and source
process. S-wave has a valid identity in the new theory, but its velocity formula
has a different explanation.

2. Stress and Strain

A theory of linear elasticity studies only small deformation of ideal homogene-
ous elastic continuum, in which stress tensor and strain tensor are two funda-
mental concepts. In the classical linear elastic theory, stress and strain are sym-
metric; thus, they are here referred to as symmetric stress and symmetric strain,
respectively. Correspondingly, in the new theory, stress and strain, which are
asymmetric, are referred to as asymmetric stress and asymmetric strain, respec-
tively.

In the Cartesian coordinate system (x1 ,xz,x3) , symmetric stress is commonly
given as

O O Oy

O =| %12 On Ox|s (1)

O3 Oy Oy

hence, o, =o, (i,j=1,2,3). Meanwhile, given displacement u = (uy,u,,u5 ),

i

symmetric strain are defined by
n fn & 1
E;=|8n €n &xn EE(MW. +uj,l.) (i,j=1,2,3); (2)
&3 &n &y
therefore, ¢, =¢,.

In contrast, asymmetric stress is given as

P P Pis
Pi=|Pa Pn Pxn (3)
Py P Py

and asymmetric strain is defined, in the new theory, by

Ou, Ou, 6u3_
8x1 a‘xl axl
9, 94 q
11 12 13 ou, ou, ou,
e R S L il @)
X, 6x2 8x2
91 9 43 ou ou ou,
| Ox;  Ox;  Oxg |

where p, # p, and g, #q, (i# j),respectively.

It is important to note that in (4) the order of the subscripts of uis “j, 7 and
not “4 /. Only in this way do the shear strains match the corresponding shear
stresses. As shown in Figure 1, for instance, p, and p,, are different and
have different effects on the infinitesimal block. They act in perpendicular direc-

tions and can produce unequal Au, /Ax, ~g,, and Au,/Ax, =~ q,, , respectively.
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Figure 1. Diagram of the shear stresses and the corresponding shear strains
in the x;-x, plane.

The asymmetric strain tensor can always be uniquely divided into the symme-

tric strain tensor and an antisymmetric rotation tensor:

q,.j=%(uj,,.+ui,j)+%(ujyi—u[‘j)=gij+a)!./., (5)
where rotation
1 1
an :E(uj’i—ui’j):—coﬁ :_E(ui,j_uj,i)' (6)

Rotation can also be written as a vector (Bullen, 1963, p. 14):
1
wz(wl,a)z,a)3)=EV><u=(a)23,a)31,a)12). (7)

According to (7), rotation @ is half the curl of displacement u. Therefore,
the term “rigid rotation” in the classical theory is misleading because the curl
cannot be regarded as rigid unless it is spatially constant. A nonzero constant
distribution of the displacement curl corresponds to the rotation of a finite rigid,
not elastic, body around a fixed axis. In the case of elasticity, there is no room for

such constant curl of displacement.

3. Hooke’s Law

Hooke’s law defines the linear relation between stress and strain. There are only
six independent components in a symmetric stress or strain tensor; thus, the ge-

neralized Hooke’s law in the classical theory can be given as

o €y Cp C3 G4 Cs Cg ||l 6
O Cy €y Cp Gy G5 Oy || €2
O |_|G1 % O3 G Gs G & 8)
O Cy Cyp Ci3 Cy Cys Cy || €m2
Oy Cs1 Csp Cs3 G5y Css Csg || €3
10331 L% S Ce3 Cea Cos  Cos [ €33

There are 36 elastic constants in this symmetric relation. When the symmetric
medium is also isotropic, the number of constants is decreased to two, and the

symmetric Hooke’s law is obtained [23]:

o, = A06; +2ug; 9)

ij>
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where

0=V-u=g, (10)

indicates dilatation, 4 and u are Lamé’s constants, and & is the Kronecker
delta. One remarkable but usually ignored point of the Hooke’s law (9) is that it
formally excludes rotation from the classical theory, which is effectively equiva-
lent to assuming «@; =0.

In the new asymmetric theory, the generalized Hooke’s law is written as

Py St G2 Sais Gt Sz G G S Cnss ‘hﬂ
P Coi1 %12 iz G G Gms Coar G G || 9
Pi3 S %312 G313 G G Gizs Gzt G Gisss || os
Py G S Gz Can Gz Gz Camr G G || 9u
P [=|Con o Coin Com Com o Comz Gy Gy Cons || G |» (11)
Do Cuin Cuiz C13 Cxmo1 Cazn Co33 O3t Cozzn Cosaz || 93
P31 G Gz Gz Gz Gz Gz G Gz Gass || 9ea
P Con Gz Gois G G Gz Gt Camr Cass || 932
[Py (G311 S Cmin Gao G Gz Gy G Gy || 33

where the 81 constants produces an entire fourth-order tensor ¢

ijmn

(i,j,m,n=1,2,3). Relation (11) can be concisely rewritten as
pij = cijmnqmn * (12)
When the asymmetric medium is isotropic, the number of independent elastic

constants is decreased to three, and the asymmetric Hooke’s law can be written as
[24]:

Py =A0,0+ 1, + 1hd, (13)
or
Py = 20,0+ (4 + 1y ) & + (14 = 1) ;. (14)
where
0=V-u=gq, =¢,. (15)

4, and gy, are two independent constants, here termed the parallel and the
perpendicular shear modulus, respectively. When there is symmetry, p, be-

comes o; and (4 — 1, )a),.j = 0; hence, relation (14) converts back to (9), and
p=(pm+p))2. (16)

The asymmetric stress tensor can be further divided into the symmetric stress

tensor and an antisymmetric tensor 7, :
Py =(py+2;) 24 (py = py) 2=+, (17)

Here, 7, = ( Py~ P ) / 2 is termed stress torque, which can also be written as
a vector. By introducing (9) into (17), which is then compared with (14), the

cause of rotation is eventually found:

ny =t —m)o; (i#j)or n=(u—m)e. (18)
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Equation (18) implies that rotation be caused by stress torque. The reverse is
also reasonable; ie, stress torque is induced by rotation.

Equation (18) is important because it reveals the existence of stress asymmetry,
which is determined by two factors, 4 # 1, and w; #0; ie, the medium must
be asymmetric, and there must be rotation.

Regarding the theory of elasticity, the medium is physically more important in
determining the property of the wave. From the fact that S-waves are always ob-
served in seismic recordings, it can be inferred that earth materials are generally
asymmetric, where g # u,. When g = u,, (14) reverts to (9), and an asym-
metric medium turns back to a symmetric medium. In a symmetric medium,
even if rotation is produced at a source, it will not be able to spread out.

Other elastic constants for the new asymmetric theory can be easily rewritten

with the substitution in (16). For example:

2
Young’s modulus E = #34+20) = (1) 3214 1) (19)
A+u 20+ 1 + 4,

and

A A

= . 20
2(ﬂ+,u) 20+ 1 + 1, (20)

Poisson’s ratio v =

4. Differential Equations of Translational Motion

Differential equations of translational motion are originally derived from the
momentum principle or Newton’s second law. In seismology, the term of body
force in the equations is often ignored to obtain the equations of body waves.
In the classical theory of linear elasticity, the differential equation of transla-
tional motion in terms of stress can be written in indicial notation as
o’u ;

o

Yol =o,, (i,j=1,2,3), (21)

where p indicates density. By introducing the symmetric Hooke’s law (9),
stress is replaced with strain, and the equation becomes

o*u. 00
Pap =P T

J

(i,j=12,3). (22)

Further plugging (2) into (22) for displacement to substitute for strain finally

obtains the equation in vector notation [23]:

2
%:(/1+,u)V0+,uV2u. (23)

Equation (23) can be rewritten by using the general relation

Vu=vo-2Vxe (24)
as
o’u 2
p¥=(1+2,u)v u+2(A+u)Vxo. (25)
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When rotation is absent, Vx@ =0, the following equation for P-wave is ob-
tained from (25):

2
8_?: /1+2yvzu
ot P

a = M 27)
\ »p

This is why P-wave is termed “irrotational wave” [1] [2].

(26)

which yields P-wave velocity as

In the classical theory, when there is no change in dilatation, V=0, (23) is

changed into the equation for S-wave
82
2Ly, (28)
o~ p

B = \/% : (29)

This is why S-wave is called “equivoluminal wave” [2].

and S-wave velocity is expressed as

However, (28) and (29) may not be valid. As concluded in the previous chapter,
@; =0 is implicitly assumed in the establishment of the symmetric Hooke’s law

(9) in the classical theory. Therefore, the relation (24) becomes
Vu=ve. (30)

By substituting (30) into (23), Equation (26) is again obtained, but not (28).
This implies that there is only one type of body wave, namely, P-wave, which
propagates in a symmetric medium.

In the new asymmetric theory, corresponding to the translational Equations

(21)-(23), we obtain by a similar derivation the equation in terms of stress

62“/' .

P at2 =pij,i (1’1215253)> (31)
then, by applying the asymmetric Hooke’s law (13), the equation in terms of
strain

Ou, 06
J — P
P o ﬂ“a—i_ﬂlqij,i T i, (i,j=1,2,3), (32)

J

and, by further applying (4), the equation in terms of displacement

2
aa—zl:(/1+y2)V9+,u1V2u. (33)
t
By using the general relation (24), Equation (33) can be rewritten as
o’u a ) 2
?—( + 441 )Viu+2(A+ 1)V xo. (34)

For “irrotational” P-wave, Vx@ =0; thus, from (34) are obtained P-wave eq-

uation
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U A+ +
a_?:Mvzu (35)
ot Yo

and the formula for P-wave velocity

_ /w, (36)
Yol

Equation (36) is in fact the same as (27).
Regarding “equivoluminal” S-wave, V@ =0; thus from (33) are obtained
S-wave equation
2
Tu_ iy, (37)
ot Yo,

and the formula for S-wave velocity

ﬁ:JZ. (38)
P

Interestingly, S-wave velocity is determined only by 4, but without x,. Equ-
ation (38) is similar to, but factually different from, (29) because u # g, . Physi-
cally, g4 > p, inreal materials. Therefore, because 2u = g, + u,,then u > u.

The velocity formulas for P- and S-waves can also be derived by introducing a
scalar potential ¢(x,t) and a vector potential y/(x,t) to separate the dis-
placement field into two exclusively different parts, one with no rotation and the
other with no dilatation [23]:

u=Ve(x,t)+Vxy(x,t). (39)

This can be proven to achieve the same results (see Appendix). Equation (39)
clarifies that there are only two kinds of body waves, P-wave corresponding to
¢(x,t) and S-wave corresponding to (x,t). Logically, the derivation of the
classical theory should refer to only the part of the displacement associated with

¢(x,t) because it essentially excludes rotation.

5. Deformation Constitution of P- and S-Waves

The entire asymmetric strain tensor can be divided into three portions, including
the mean strain tensor 60, / 3, the strain deviator tensor SUL.) , and the rotation

tensor:

/3+g +o (40)

l/ >
where the strain deviator

=¢&; — 00, /3 (41)

P- and S-waves are also reasonably called “dilatational” and “rotational” waves,
respectively [2]. Interestingly, according to (39), whereas dilatation must go with
P-wave, and rotation with S-wave, deviatoric strain is left to be explained.

Based on the above discussions, P-wave has dilatation, and S-wave has rotation.

However, it is not that merely dilatation travels with P-wave and rotation alone
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goes with S-wave. According to the condition of compatibility to be discussed
later, neither rotation nor dilatation can propagate by itself. In fact, the deviatoric
strain has to be divided into two parts, one with dilatation in P-wave and the oth-
er with rotation in S-wave.

Rewrite (39) as

u=u"+u’ (42)

where u” = V¢(x,t) and u’ = ny/(x,t) ; therefore,
q; = q; +q5. = uf’i +uii (43)
Figure 2 shows how, in the (x;,x,) plane, elastic material deforms in P-wave

(longitudinal wave) and S-wave (transverse wave), respectively, which proceed in

the x, direction as plane waves. For P-wave, the strain tensor is

u, 0 0]
;=0 0 0f, (44)
0 0 0]

where 6 =u,,.For S-wave, the strain tensor is

0 u,, 0]
g;=|0 0 0. (45)
0 0 0]

Note that (45) is an asymmetric tensor and 6 =0. This is the simplest expres-
sion of S-wave to prove its asymmetry.

The symmetric strain of P-wave involves two parts: mean strain and deviatoric

strain:
u, 0 0 2u, 0 0
qal =31 0 wa O3l 0wy 0, (46)
0 0 u, 0 0 —uy,
the front
| %
XI

D @R 0O D AR AR Y
A 4 N\ \ N\ N N U

the front
| x

Figure 2. Diagrams of the deformations of P-wave (a), which has only symmetric
strain, and S-wave (b), which has both symmetric strain and rotation.
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As shown in Figure 2(a), the material deforms in the way that circles and ovals
alternate with each other in P-wave. Physically, there is shearing when a circle
deforms into an oval and vice versa.

The asymmetric strain of S-wave also contains two parts: deviatoric strain and

rotation:
. 0 u, 0 . 0 u, O
qg :E u,, 0 0 +E —u,, 0 0]. (47)
0 0 0 0 0 0

As shown in Figure 2(b), rotation must be considered together with deviatoric
strain for S-wave. Note that, according to (47), the amount of rotation is not
smaller than but just as large as that of the deviatoric strain in S-wave. In fact, ro-
tation and deviatoric strain occur as one inseparable identity in S-wave, as indi-
cated by (45).

In general, the real deformation constitution of a certain wave should satisfy
the condition of compatibility. This requires that continuous single-valued dis-
placements can be obtained by integrating the strains.

In the classical theory, there are six strain-displacement relations given by (2),
which are functions of three displacements. The compatibility condition is given
with the second differentiations of & with respect to x, [1] [25] [26] [27].

In the new theory, from the strain-displacement relations given by (4), the eq-
uations of the compatibility condition can be derived in a similar way with only

the first differentiations of ¢, with respectto x;,suchas
oq,, | _ o'u, _0qy [ _ o'u,
Ox, | 0Ox,0x, ox, 0Ox,0x,

0q,, 62”1 J_ 0qs, (_ 62“1 ) (48)

Ox; B 0x,0x,4 - Ox, - 0x;0x,
oqs, | azul _% 3 82u1
ox, 0x;0x, Ox; | Ox,0x,

In three dimensions, a total of nine equations of the compatibility condition

are obtained for the asymmetric strain field to exist:

Oq, _0q, 04, 04y 04 _ 04y

ox, oOx, oOx, Ox, Ox, Ox
a‘]21_6‘131 0q,, 0qy, 04y  Oqs

ox, ox, Ox; Ox, Ox; Ox,
0qs3, _ 9q,, 04y _ g, 04y _ 0415
ox, Ox, Ox, Ox; Ox Oxy
or
ij i = 4Dyi - (50)

Assuming that the x, -axis directs the proceeding of the wave so that ¢, #0,

it can be easily concluded from (49) that mean strain (dilatation)
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03 0 0
65,/3=| 0 6/3 0 (51)
0 0 o3

cannot propagate by itself because it does not meet the conditions of
412, (=0)=¢,,,(#0) and/or g, (#0)=g;;(=0). Similarly, rotation

0 o -o
w, =-0, 0 (52)

alone cannot propagate because it does not satisfy ¢,,,(=0)=g,,,(#0) and/or
4511 (#0)=¢,,;(=0). P-waves related to (44) can propagate because it meets the
conditions ¢,;,(=0)=g¢,,,(=0) and ¢;,,(=0)=g,,;(=0). S-wave related to

(45) can propagate because it meets the conditions ¢,,,(=0)=¢,,(=0) and
3,1 (: 0) UK (: O) .

6. Differential Equations of Rotational Motion

Differential equations of rotational motion are originally derived from the mo-
ment of momentum principle. In the classical theory, there is no such equation
because there is no rotation. Instead, the symmetry of stress occurs in the static
equilibrium of the moment of momentum [23]. In the new asymmetric theory,
the differential equations can be easily deduced by comparison of the integral eq-
uation of the theory of micropolar elasticity with that of the new theory regarding
the moment of momentum principle.

In the classical theory, spin is not considered when the moment of momentum
principle is applied to a body of volume V and surface S to establish the following

equation in the integral form [3] [15] [25]:

d
E‘J:rxpvdV:.!rxtdSﬂ[rprdV, (53)

where v=0u/dt, r=x-x,, x, denotes the position of the reference point of
the moments, b represents the body force, and the surface traction ¢ can be

written in indicial notation as

;= Pyl (54)

where n, is the normal vector of S. The term on the left-hand side of (53) in-
cludes the angular momentums of all parts of the body about the reference point,
but not spin. The integral Equation (53) results in the symmetry of stress [3] [15]
[25]:

p;—p; =0 or o,=0, (i#j). (55)

Equation (55) is referred to as Cauchy’s second law of motion [15] and has
been followed ever since by the classical theory.

When spin is additionally incorporated, the following integral equation for the
new theory is obtained:
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%i[(rxpvﬂos)dV=£r><tdS+_lr><pde. (56)
where s stands for spin, that is, the spin angular momentum per unit mass of
an infinitesimal volume of the body. In order to deduce the differential equation
of rotational motion from Equation (56), the integral equation of angular mo-
mentum of the theory of micropolar elasticity is first considered [15] [17] [21].

In the theory of micropolar elasticity, spin can be produced by couple stresses,
including surface couples and body couples. The integral equation of the theory

of micropolar elasticity takes the form [15]
d
Ej(rxpv+ps)dV:j(rxt+m)dS+j(rpr+pc)dV, (57)
Vv N Vv
where m and c¢ are, respectively, the surface and body couples to produce
spin. After a difficult derivation, an inference from (57) takes the form [15]

oM, et 0s, (58)
I C. T €. b = P>
aXI p i ljkp_]k p at

where M, is defined by m, =M;n,, and ¢, is the permutation symbol. Note
that the term e, p, may produce pds, /0t as well as the couple stresses in the
left-hand expression of (58).

A comparison of (56) with (57) shows that the former can be regarded as a
shortened form of the latter by removing the couple stresses. In the new theory of
asymmetric linear elasticity, couple stresses do not need to be introduced as the
cause of spin. By canceling the terms of couples in (58), the differential equation

of rotational motion of the new theory can be straightforwardly obtained:
0s;
€D = ,DE . (59)

Equation (59) can be expanded as
i=1, pyy— Py =p0s /ot
i=2, py,—py,=p0s,/ot (60)
i=3, p,—p, =p0s/ot

or written in vector notation:

Os
2n=p—. 61
n=p, (61)

Equation (61) shows that spin can be caused by stress torque or, put the other
way around, stress torque is induced by spin.
By comparing (18) and (61), the intrinsic connection between rotation and

spin can be easily determined:

1 Os

E'DE:('U' ~ ). (62)

The time-dependent property of s, which is a quantity of motion, indicates

that rotation should be related only to dynamic problems and does not exist stat-
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ically. Thus, we clarify that without rotation, the theory of symmetric linear elas-
ticity can be perfectly valid in the study of static problems.

Note that spin is here in the new theory referred to an infinitesimal block of
deformable medium, but not to a rigid particle as in the theory of micropolar

elasticity. The former can bear shear stress, whereas the latter cannot.

7. Rotation Energy

For simplicity, in the following discussion, the term “strain” is used for symme-
tric strain, and “deformation” for asymmetric strain. Accordingly, strain energy
refers to symmetric strain energy, and deformation energy denotes asymmetric
strain energy, which additionally involves rotation energy.

Disregarding body force and dissipation, the total mechanical energy U of an

elastic body is equal to the sum of the work done by the surface traction:
1
U==[tuds. (63)
25
In the symmetric theory, the surface traction
t,=oyun,;. (64)
Applying (64) to (63) results in

, 1
U =§£aﬁnjuid8

1
= El(aﬁui )’j 14

:lj(a U +0o.u, .)dV

2 JiJT JiTij
v

(65)

1
= El(aji"/u[ + aj[gﬁ.)dV

Based on (65), the total mechanical energy U’ consists of two parts: the
energy associated with motion (or kinetic energy) and strain energy. According to

Equation (21), kinetic energy

1 1 0%u,
U, =—|o. udV =—p|—Ludl, 66
K 2£ 2pl o (66)

gt
and strain energy (e. g., Stein & Wysession, 2003)
1
Ug :Ela,.jg,.jdr/. (67)
In the new theory, the surface traction

L=pun,. (68)

Accordingly, by a similar derivation to (65), the total mechanical energy is ob-

tained as

U= %J.(Pﬁ,jui TP )dV ’ (69)

vV
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which also consists of two parts: kinetic energy

Ux :%;[pji,juidV :%J(Gﬁ,j”i +77ﬁ,j”f)dV’ (70)

14

and deformation energy

1
U, =—J.pl.].qijdV
2V

1
=2 [ (o +m; ) (e + oy )av

Y (71)
:El(aijgij +0,0, +11;€, +’7ya),-j)dV

1
= 5!(%5& +1,0,)dV

Note that 0,0, =0 and 7,¢; =0. Therefore, rotation energy, ie, the ener-

7%
gy associated with rotation, is given in the form of a volume integral as

Ut :U‘U’:%j(”ﬁ,.i”z‘ +77i/wii)dV (72)
4

Rotation energy can also be written in the form of a surface integral as

Ut - % [ (7o, s = % [y (73)

The term “rigid rotation” may mislead one into thinking that there is no de-
formation energy associated with rotation. In fact, however, there is. Deformation
should not be related merely to an infinitesimal block itself. Deformation occurs
due to the spatial variation of displacement or, in other words, due to deforma-
tional interactions between adjacent infinitesimal blocks. Figure 3 shows a de-
formational interaction between an infinitesimal area and its neighborhood, in
which either strain or rotation of the infinitesimal area appears. When strain oc-
curs to the imaginary circle, it becomes an oval. However, only such transforma-
tion of the area shape is not the real meaning of deformation. What’s important is
that its neighborhood is affected to deform. When rotation occurs to the circle,
although the circle itself does not seem to deform, the neighborhood is affected to

deform, too.

Strain Original circle Rotation

Figure 3. Schematic illustration of deformation induced by strain and rotation,
respectively.
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8. Discussion

The fact that rotation is not incorporated in the classical theory has already been
recognized by many researchers but may still be unclear to others. Some consider
rotation to be implicitly involved in, but not excluded from, the equations of the
classical theory, a view that is wrong because it is impossible. Mathematically,
when rotation is considered, it appears as nonzero. Otherwise, it is zero and
hence not involved. In fact, rotation is treated inconsistently in the classical
theory, being excluded from the core but included in the inferences, for example,
on the S-wave velocity.

Given the study results on the fourth-order tensor, it is not difficult to figure
out the asymmetric Hooke’s law (13), which results in the definition of stress
torque and its relation to rotation (18). Also, given the equations of rotational
motion of the theory of micropolar elasticity (57) and (58), it is easy to draw the
conclusion of the new theory regarding the relation between stress torque and
spin (61). Both relations in (18) and (61) confirm the asymmetry of stress and the
association between rotation and spin.

The focus is on rotation, which is essentially excluded from the core of the
classical theory. The prevailing asymmetric theories that address this problem
originated from the Cosserat brothers’ theory, which uses the concept of particle
spin, followed by couple stresses, to explain rotation. However, particle spin is not
an appropriate counterpart. The rotation involved is initially defined in terms of a
deformation gradient; thus, the problem must be tackled by using relevant con-
cepts. The introduction of the concept of particle spin is misleading and renders
the asymmetric theories too sophisticated to be applicable.

The introduction of spin adds three more degrees of freedom to the infinite-
simal block in the classical theory to make up a total of six, as required by New-
ton’s laws of mechanics. However, the relation (62) links spin and rotation to-
gether to reduce the degrees of freedom from six to three. Therefore, solutions of
the problems in the new theory can also be given in terms of only displacements,
without spin.

Because S-wave is intrinsically rotational, there would be no S-wave without
rotation. Factually, however, S-waves are always observed in seismic recordings,
so there must be rotation although usually not directly observable due to the lack
of proper instruments.

The new theory has shown for the first time the deformation constitution of
S-wave (45) and has clarified that when S-wave is called “shear wave,” it should
be in the context of asymmetric strain, which includes both symmetric strain and
rotation (47). Moreover, according to (47), rotation is not as small as “negligible”

[28] but generally is as large as the deviatoric strain in S waves.

9, Conclusions

The new theory of asymmetric linear elasticity is established self-consistently in

logic. It provides a better description of the mechanical behavior of the ideal me-
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dium of linear elasticity. Some main points are listed as follows:

® The constitutive relation of the new theory, the three-parameter Hooke’s law
(13), is established based on the definition of asymmetric strain (4) and the
theorem about isotropic asymmetric linear elastic materials. The new Hooke’s
law (13) reveals that rotation is caused by stress torque, the difference between
unequal conjugate shear stresses.

® Concise differential equations of translational motion are derived conse-
quently giving the same velocity formula for P-wave and a different one for
S-wave (38). For instance, the new formula for S-wave velocity provides the
key to solving the problem of why the “static moduli” of rocks are usually sig-
nificantly smaller than the “dynamic moduli” [29] [30]. More importantly, the
prevailing earth model has to be modified for those elastic parameters calcu-
lated with the old formulas of S-wave velocity.

® Differential equations of rotational motion are developed with the introduc-
tion of spin, which has an intrinsic connection with rotation. It further unveils
the relation between rotation and stress torque.

® There are nine partial differential equations for the deformation harmony
condition in the new theory; these are given with the first spatial differentia-
tions of the asymmetric strain. For instance, according to the new condition,
S-wave cannot travel without either symmetric shear strain or rotation. Simi-
larly, some theoretical conclusions in modern seismology should be reex-
amined with this condition.

® Formulas for rotation energy, in addition to those for strain energy, are de-

rived to form a complete set of formulas for the total mechanical energy.
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Appendix
In the formula (39), the scalar potential satisfies
Vx(Vg)=0 (A1)
and the vector potential satisfies both
V-(Vxy)=0 (A2)
and
V-y=0. (A3)

Plugging (39) into (33) we obtain
82
py(v¢+ny/)=(/1+y2)V(V2¢)+,u1V2(V¢+ny/)' (A4)
where (A2) is used. According to the general relation (24), there is
v2(V¢+ny/):v(v2¢)+w(v2y/) (A5)

where (A1)-(A3) are used, so we have
62
87(V¢+VX'//)=(/1+M + 1)V (V@) + 1V x (V). (A6)
(A6) can be rewritten as

v{ M—(“M+u2)V2¢}=—VX[/3%;/—MV2'/’J’ (A7)

ot

where the scalar and vector potentials are separated each on one side of the equa-
tion, respectively. The solution to Equation (A7) can be given by assuming both
expressions on each side are equal to zero (e.g., Stein & Wysession, 2003). Thus,

we obtain the wave equation for the scalar potential
0 A+ +
a ? — /‘ll /u2 VZ ¢ ( A8)
ot Yol

with the irrotational P-wave velocity (36). Meanwhile, the wave equation for the

vector potential is given as

2
oV _thgy, (49)
ot P

with the equivoluminal S-wave velocity (38).

Nomenclature

t time

X, X position vector

¥ distance vector

u,, u displacement vector
Vi, v velocity vector

n, normal vector

t, t traction vector
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Hy

CHSST®RDT s N
=

ijk

S

¢, ¢

m;, m

symmetric stress tensor
symmetric strain tensor
asymmetric stress tensor
asymmetric strain tensor
rotation tensor

rotation vector

stress torque tensor

stress torque vector
dilatation

spin vector

Lamé’s constants

parallel shear modulus

perpendicular shear modulus

Young’s modulus
Poisson’s ratio

general elastic modulus
density

P-wave velocity

S-wave velocity

energy

scalar potential

vector potential
Kronecker delta symbol
permutation symbol
body force vector

body couple vector

surface couple vector
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