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Abstract

Response surface methodology (RSM) often deals with a natural and desirable property
rotatability, which requires that, the variance of the predicted response at a point remains constant
at all such points that are equidistant from the design center. To achieve stability in prediction
variance, this important property of rotatability was developed. Analogous to rotatability, the
concept of slope-rotatability has been progressed. The idea of slope - rotatability is an important
design criterion for response surface design. Recently, in the design of experiments for response
surface analysis, attention has been focused on the estimation of differences in response rather
than absolute value of the response mean itself. The slope-rotatable design is that of which
the variance of partial derivative is only a functions of p: distance from the design center. If
circumstances are such that exact slope rotatability is unattainable because of more cost and
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time, and more important restrictions such as orthogonal blocking it is still a good idea to
make the design as slope rotatable as possible. Thus, it is important to measure the extent of
deviation from slope rotatability. In this study, a new measure of the degree of slope-rotatability
for three level second-order slope rotatable designs using a pair of a partially balanced incomplete
block design is suggested that enables us to assess the degree of slope-rotatability for a given
response surface design. This determines the degree slope rotatability for the design when
subjected to existing conditions of measure. The measure takes the value zero when the design is
exact slope-rotatable, and becomes larger as the design deviates from being slope-rotatable design.

Keywords: Slope- rotatability; second order slope rotatable designs (SOSRD); measure; partially
balanced incomplete block designs (PBIBD).
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1 Introduction

Response surface methodology (RSM) is used in a situation where the form of the relationship
between the response and independent variables is unknown. Therefore, the first step in RSM is
to find a suitable approximation for the true functional relationship between the response variable
and the set of independent variables. The technique to be used is to fit a low order polynomial to
the response and if it is inadequate, then we graduate it to higher order polynomial. If the response
is well demonstrated by a linear function of the independent variables, then the approximating
function is the first order model. We use a second-order model when the portion of the response
surface that we are describing has curvature. Response surface methodology is a gathering of
mathematical and statistical techniques that are suitable for the demonstrating and analysis of
problems in which a response of interest is impacted by several variables and the objective is
to optimize this reaction. The study of rotatable designs mainly emphasized the estimation of
absolute responses. The property of rotatability as a desirable quality of an experimental design
was first advanced by [1]. A design is assumed to be rotatable if the variance of the response
estimate is a function only of the distance of the point from the design center. In many applications
of Response Surface Methodology, noble estimation of the derivatives of the response function
may be as significant as or possibly more significant than the estimation of mean response [2].
Certainly, the computation of a stationary point in a second-order analysis or the use of gradient
methods, for example, steepest ascent or ridge analysis depends heavily on the partial derivatives
of the estimated response function with respect to the design variables. Since designs that achieve
certain properties in Y (estimated response) do not delight in the same properties for the estimated
derivatives (slopes), it is vital for the user to ponder experimental designs that are constructed with
the derivatives in mind. The study of slope rotatable designs is mainly stressed on the estimation of
differences of yields and their precision. Estimation of variances in responses at two different points
in the factor space will often be of great importance. If variances in responses at two points close
together are of interest then estimation of local slope (rate of change) of the response is essential.
Several studies have been done on this aspect pertaining to the development of experimental designs.
[2] presented slope rotatability for central composite designs. For the central composite designs,
they altered [1] rotatability to slope rotatability essentially by altering the axial point distance
(a), so that the variance of the assessed unadulterated quadratic coefficients is one-fourth the
variance of the assessed mixed second order coefficients. [3] examined in detail the conditions to be
satisfied by a common second-order slope rotatable designs (SOSRD) and developed SOSRD using
balanced incomplete block designs (BIBD). [3] constructed SOSRD through a pair of incomplete
block designs. The slope-rotatable design is that of which the variance of partial derivative is
only a functions of p: distance from the design center. If circumstances are such that exact slope
rotatability is unattainable because of more cost and time, and more important restrictions such as



Ednah et al.; JAMCS, 30(6): 1-12, 2019; Article no. JAMCS. 45812

orthogonal blocking it is still a good idea to make the design as slope rotatable as possible. Thus, it
is important to measure the extent of deviation from slope rotatability. [4], [5] proposed a measure
of slope rotatability for second-order response experimental designs. [6] recommended a measure
and graphical method for assessing slope rotatability in response surface designs. [7] examined a
measure of SOSRD utilizing BIBD. [8] examined a measure of SOSRD utilizing pairwise balanced
designs, [9] studied a measure of SOSRD utilizing symmetrical unequal block arrangements with
two unequal block sizes. [10] examined the degree of SOSRD utilizing partially balanced incomplete
block designs. [11] examined a measure of SOSRD utilizing a pair of balanced incomplete block
design. These measures are valuable to empower us to survey the degree of slope rotatability for a
given second-order response surface designs. In this study, we propose a method of construction of
second-order slope rotatable designs using a pair of partially balanced incomplete block design and
their measure which leads to designs with a lesser number of design points than what is available
in the existing designs.

1.1 Conditions for second order slope rotatable designs

This section presents briefly the conditions for slope rotatability to be satisfied by a symmetric
second-order response surface design by [2] and Victorbabu [12]. Suppose there are v factors denoted
by (z1,z2,...,%,) and the design point (Zu1,Zu2,...,Tuv), 1 < u < N yields a response y, on the
study variable y. Assuming that the response surface is of second- order, we adopt the model

Yu = bo + Z biziu + Z biits, + Z Z bijTiuTiu + €u, (1.1)
i=1 i=1

i#]

where z;,, denotes the level of the i'" factor (i = 1,2,...,v) in the v"" run (u = 1,2, ..., N) of the
experiment, where e,’s are uncorrelated random errors with same mean zero and variance 2. The
parameters of the model by, b;, b;; and b;; are estimated by the least squares estimation to provide
60, b;, b;i and b;’j. The design is said to be SOSRD if the variance of the estimate of first order partial
derivative of y, with respect to each of independent variables (z;) is only a function of the distance
d*> = S x? of the point (x1,%2,...,z,) from the origin (center) of the design. Such a spherical
variance function for estimation of slopes in the Second Order Response Surface is achieved if the
design points satisfy the following conditions [2]:

A. Yz, =0, ST T = 0, Yz, =0, ST i T ju Ty = 0,
fouxjuxku =0, El’?ul'ju =0 YTiuTjuliuTiu = 0; for i#j#k#I
B. (i)Xa;, = constant = N)g
(ii)  Yaj, = constant = cN g for all i
C. foux?u = constant = N4 for i # j (1.2)
D. A u

%7 ero-1)

E. M5 —¢) = (c—3)°] + N[v(c—5) +4] =0
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where ¢, A2, A4 are constants and v denotes the number of factors. Using these symmetry conditions,
we can obtained the following estimates of the parameters as [13]

~ et v— 13y — WE(Zaly)

bo =
0 NPu(c+v—1) — vAZ]

r Yxiy

b = NXg

YT N

- YTy Aada(c — )Ty — 2(D2?y) (A3 — M)

(c—1)NX  (c— DNM[Malc+v —1) —oAZ]

The variances and covariances of the evaluated parameters are [13]:

N A(c+v—1)o2

V{bo) = N[Aa(c+v—1) —vAj]
Ve = 55,
Vi) = 75,
o Aa(c+v—2) — (v = 1)A3
Vi) = o= v ( Ma(c+v—1) —vA3 )

o —)\202
T Na(e+v—1) —vAi]

Cov(bo, byi)

(A3 — \1)o2
(c = 1)NXa[Ma(c+v—1) —vAZ]

and other covariances are zero. A necessary condition for the existence of a second order design

Cov(byi, bj;) = (1.3)

is

)\4 v

/\7§> (c+v—-1) (14
(non -singularity condition) From equation (1.1), we have:
oy - 5
o, bi + 2bi;x; + Z bijz;

95 o .
V(em) =V (b) + 423V (bii) + Y _ 23V (biy) (1.5)
For slope rotatability (1.5) has to be function of d* = 3~ 27. This leads to the condition that
AV (i) = (1/4)V (b) (1.6)

Simplifying equation (1.6) becomes:

M5 —c)— (c—3)) ]+ M[v(c—5)+4] =0 (1.7)

(slope rotatability condition)
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2 Second Order Slope Rotatable Designs Using a Pair
of PBIBDs

Let Dy :(U, bi,7r1, k1, A1 7& 0, A12=0 ) and Dy= (’U7 ba,r2, ks = 2, A1 =0, A2z = ].) are two PBIBDs.
[a-(v, b1, 71, k1, A11 # 0, \12=0)] denote the design points generated from the transpose of the incidence
matrix of the design D;.

[a—(v,b1,71, k1, A1, A2 = 0)]2t(k1> are the 2¢(F1) design points generated from D; by multiplication
(see[14]).la — (v,ba, T2, k2 = 2,X21 = 0, o2 = 1)]22 are the b32? design points generated from Ds
by multiplication.The set of b22? design points was repeated mso times. Let no be the number of
central points.

Result:

The design points,
[CL — (U,bl,rl,kl,/\u,/\m = 0]2t<k1) U [a - (U,bz,’l"z,k‘z = 2,21 =0,X20 = 1)]22 U no give a
v-dimensional three level SOSRD in N = b12t<k1> +ms2ba2? + ng design points where ms is

_ 1/4
o (T1 - c)\11)2t(’“1) 2
mo = { (CA21 — 7‘2) . (2.1)

2.1 Conditions of measure of second order slope rotatable designs
Using the equation below
oy 5 .
87xy- =b; + 2bsizi + sz‘jwj,
' J=1,57
the variance of this derivative is written as

var[aa;/ ] = var(b:) + 4aivar(bi) + Z z3var(bi;)
! J=1,5#1

+ 4x;cov(bii, bij) + 2 Z xjcov(bs, bij) (2.2)
i=li#i
v v
+ 4x; Z QZjCOU(bi, b,]) + 22 Z ;rjxicov(bij, bz)
J=1,j#i G<1j,l0
Following [2],[3], [5], equations (2 —3) give the necessary and sufficient conditions for a measure

of slope rotatability for any general second order response surface designs. Further, from the above
equation (2.2), it can be seen that the necessary and sufficient conditions are:

e wvar(b;) are equal for i

e var(b;;) are equal for ¢

e 4var(bi;) = var(bi;) are equal for ¢, where i # j

e cov(bi, bi;) = cou(bs, bij) = cov(bii, bij) = cov(bsz, by) = 0 for all i # 5 #1,

[5] proposed that, if the following conditions below are met, that is

i. All odd-order moments up-to order 4 are zero,

N
ij. < 2 1 for all i
11. N T, ale equal Ior all 1,
u=1
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N
iii. % Z xh, are equal for all 4,
u=1

N
iv. Z x?ua:?u are equal for all 7 # j,

u=1

Then the following measure assesses the degree of slope-rotatability for a design D with v
independent variables.

? 22
Qu(D) = W{(v +2)(v+4) ; {(var(bi) — 9+ C;z+ ;}
4 v y v Z v ’L
= - 57 . ' 23
+4(v+4) |:4CO’U(biy bii)* + Z cou(bs, bij)Q] n 42{ Z cov(bis, biy)?
J=lj#i =L

+ Z Z cov(bij,bil)Q] }

J<l,j,l#i

where
v
=1 Z var(b;)
1=1
v

a; = dvar(bi) + Z var(bi;) (1 =1,2,3,...v)

J=lj#i
v
5 1§ : )
a=: a;.
i=1

where Q. (D) is the proposed measure of slope rotatability. Further [5] went ahead and simplified

the above equation (2.3) to
2

QuD) = |4V (i) — V(bi) (2.4)

Qu(D) becomes zero if and only if the necessary and sufficient conditions hold. If the measure is
zero, the design is slope-rotatable. If it becomes larger, it deviates from being slope-rotatable.

3 Construction of Measure of Slope Rotatability of Three
Level Second-order Response Surface Designs Using
a Pair of PBIBDs

The proposed measure of slope rotatability of three level second-order response surface designs
using a pair of PBIBDs is suggested in this section. Let Dy =(v, b1, 7r1, k1, A11 # 0, A12=0) and Dy=
(v,b2,72,k2 = 2,A21 = 0,A22 = 1) are two PBIBDs. [a- (v,b1,71,k1, A1 # 0, A\12=0)] denote the
design points generated from the transpose of the incidence matrix of the design D;.

[1—(v,b1,7r1, k1, A1, A1z = 0)]2t(k1) are the 2"(*1) design points generated from D; by multiplication
(see[14]). [a — (v, b2, 72, k2 = 2,21 = 0, 22 = 1)}22 are the by2? design points generated from Do
by multiplication.The set of b22? design points was repeated my times. Let no be the number of
central points.Then with the above design points, we can obtain measure of slope rotatability for
second order slope rotatable designs as given in the theorem below.
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Result:

The design points,

[a - (’U,bl,Tl,kl,All,Alg = O}Zt(h) U [a - ('U,bg,?‘g,kg = 2,221 =0,A22 = 1)]22 U no give a v-
dimensional measure of slope rotatability of three level second order response surface designs using
a pair of PBIBDs in N = ;2% 4myb22? + ng design points with ‘¢’ pre-fixed, no chosen and
the design levels,suitably such that the design points satisfy the conditions of SOSRD that is

_ 1/4
(7‘1 — C)\11)2t(k1) 2
= 1
ma { e , (3.1)

- [v(c — 5) + 4][r1 281 4 myre2?]?
7 | To(e—5) + (c— 3)2] A1 28D + maAar 2]

] — 5128 gy 22 (3.2)

Proof

For the design points generated from a pair of PBIBDs, conditions (A) to (C) are true. Conditions
in (A) are true obviously. Conditions (B) to (C) of equation 1.2 are true as follows:

N
Z z2, = 2t 6% Lo 226 = N (3.3)
u=1
N

Z ah, =20t § mora2%a = cNAy (3.4)

u=1

N
Z T3 = 12V at £ mada2%at = Ny (3.5)
u=1

From equation (3.4) and (3.5), we get ma,

[(Tl — C)\11)2t(k1)_2:|
mo = 5
(C)\21 — T'Q)

The value of a can be obtained from equation (3.3) by taking the scaling condition,that is A2 = 1.

- [ N ] (3.6)

r126(k1) 4 more22

|

Measure of slope rotatability of three level second order designs using a pair of PBIBDs can be
obtained by solving the given simplified equation by [5]

1 2
Q.(D) = p [4V(bi,-) — V(bij):| (3.7)
~ o2 Ag(ctv—2)—(v—1)A2 ~ o2
where V'(bi1) = (c—l)NL;( a(cro-D—ox2 2) and V(bij) = 5,

Therefore )
_ 1 402 Ag(ctv—2)—(v—1)A3 o2
Quv(D) = = |:(c—1)NA4 ( 4)\4(c+v71)7v>\% 2) - N)\4:|

Q (D) 1 40'2(A4(c+v—2)—(v—1))\§)—az((c—l)(c+v—2))\4—v)\%) 2
b e N(c—1)A\4 [(c+v71))\471})\%]
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4 4(/\4(c+v72)7(v71)/\%)7((C71)(c+v72))\47v)\§) 2
Quv(D) = &

After simplification Q.(D) becomes:

N(c—1)A4 [(c+1171)>\47v>\§]

Mo(5 = ¢) — (c—3)%] + Mol —5) +4] |

N(c—1DAa[(c+v—1) s — vAZ]

where A\g,A2, a,m2 and N are as shown below

[rﬂt(kl)az + m2r222a2:|
Ay =
N

)\ o )\112t(k1)a4 —+ mg)\2122a4
T N

[(T1 — c)\11)2t(k1)_2]
mo =
(C)\Ql — 7‘2)

N 3
- |:T’12t(k1) —+ m2r222]
N = b12t(k1) =+ m2b222 —+ ngo

and

_ 4117 2t 92,212
o — [v(c —5) + 4][r12"k1 + mara22a”] 52— mghy2?
[U(C — 5) -+ (C — 3)2][/\112”431 =+ TI'LQ)\2122[14}
The computation of measure of slope rotatability Q. (D) of three level second order response surface
designs using various parametres of PBIBDs for varied values of ¢ ranging from 3 to 16 and level a
are tabulated below in the appendix.

4 Conclusions

In this study, a measure of slope rotatability for second-order response surface designs using a
pair of PBIBDs is suggested which enables us to assess the degree of slope rotatability of a
given three level second-order response surface design. It can be verified that measure of slope
rotatability is zero if and only if a design D is a second order slope-rotatable design. Measure of
slope rotatability becomes larger as D deviates from a second order slope rotatable design. The
method can be used to compare the degree of slope rotatability of the same v. We may point
out here that the measure of slope rotatability for second order response surface designs using
a pair of PBIBDs with parameters D1 = (v = 16,b1 = 20,71 = 5,k1 = 4, 11 = 1, 12 = 0),
Dy = (v = 16,ba = 8,12 = 1,ka = 2,A21 = 0,X22 = 1) has only 400 design points for 16—
factors, whereas the corresponding measure of slope rotatability for second order response surface
designs using a pair of BIBDs with parameters D; = (v = 16,b1 = 16,71 = 6,k1 = 6,\1 = 2),
Dy = (v = 16,by = 80,72 = 15,k2 = 3, A2 = 2) of [11] needs 1154 design points. Thus this new
method leads to 16-factor measure of SOSRD with less number of design points than the existing
measure of slope rotatable designs using a pair of BIBDs. When ¢ = 5 the design is exact slope
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rotatability that is the measure of slope rotatability is zero.
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Appendices

Table 1: Measure of 9 factors three level SOSRD(PBIBD)
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Table 2: Measure of 10 factors three level SOSRD(PBIBD)
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Table 3: Measure of 12 factors three level SOSRD(PBIBD)
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Table 4: Measure of 14 factors three level SOSRD(PBIBD)
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