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Abstract

This paper presents some new inequalities on Fractional calculus in the context of g-calculus.
Fractional calculus generalizes the integer order differentiation and integration to derivatives and
integrals of arbitrary order. In other words, Fractional calculus explores integrals and derivatives
of functions that involve non-integer order(s). Quantum calculus (g-Calculus) on the other hand
focuses on investigations related to calculus without limits and in recent times, it has attracted
the interest of many researchers due to its high demand of mathematics to model complex
systems in nature with anomalous dynamics. This paper thus establishes some new extensions
of Chebyshev and Riemann-Liouville fractional integral inequalities for positive and increasing
functions via g-Calculus.
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1 Introduction

The popular Chebyshev inequality reads that [1]

bia/abf(x)g(m)dxz {ﬁ /abf(m)dx} {ﬁ /abg(x)dm], (1.1)

where f and g are two integrable and synchronous functions on [a, b].

Two functions f and g are said to be synchronous on [a, b] if
[f(z) = FW)] lg(z) — g(y)] > O,
for all z,y € [a,b].

The inequality (1.1) is very important in literature and has many applications in diverse research
areas such as numerical quadrature, transform theory, probability, existence of solutions of differential
equations, and statistical problems. Many authors have investigated, generalized, and applied this
Chebyshev inequality. See ([2, 3, 4, 5] and the references cited therein) for more details.

2 Preliminaries

This section presents some definitions and theorems that are essential to the understanding and
establishment of our main results.

Definition 2.1. [6], the g- derivative of f is defined as

L (2.1)

where Dy is a linear operator and the g-diferential of f is given by
dof(z) = f(qz) — f(x). (2.2)

Thus
Da(af (w) + byfa)) = 24 2000) ~ 0] (2) = bals), 2.3
f(x)\ _ 9(x)Dgf(x) — f(x)Dyg(x)

b (g(fv)> B 9(z)g(qz) ' 24)
Dy (f(z)g(x)) = g(x) Dy f(z) + f(qz)Deg(x). (25)

(See also [7, 8, 9]).

The g-definite integral is defined as

[ t@e = [ f@da— [t (2.6)
and
| f0dt= 1 -ae X dra). e 0. (2.7

The g-integration by parts is defined as

b b
/ f(@)(Deg)(x)dgz = f(b)g(b) — f(a)g(a) —/ 9(q) (Do f)(z)dg. (2.8)

Here are some further Definitons also found in ([10, 11, 12, 13]).
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Definition 2.2. Let [a, b] be a finite interval on the real axis R for (—oo < a < b < 00). Then, the
Riemann-Liouville fractional integrals (left-sided) of a function f of order o € C with R(«) > 0 is
defined by

Jor f(z) = I‘(loz) /az @ _f(tt))lfa dt, z>a, (2.9)

where the Euler Gamma function is given by
(o) = / e "t dt, (2.10)
0
for a € C.

The g-Euler Gamma function is defined as

1

Iy(a) = /c’f1 e~ 11, t. (2.11)
0
Details can be found in the following works ([14] and [15] and the references cited therein).
[16] also studied the Riemann-Liouville inequalities and established the following theorems.

Theorem 2.1. Let f and g be two synchronous functions on [0,00), then

I'(a+1)

Jofg(t) = =0

JEf()T%g(t), (2.12)

for t,a > 0.

Theorem 2.2. Let f and g be two synchronous functions on [0,00), then

e 8

mﬁ(fg)(t) tr

WJ“(fg)(t) > JOF() T g(t) + I ()T g(t), (2.13)

for t,a > 0.

Theorem 2.3. Let f; for 1 <i <n be positive and increasing functions on [0,00), then

0 ) ERIOEI VA Rl § RN (214)

for t,a > 0.

Theorem 2.4. Let f and g be two functions defined on [0,00) such that f is increasing and g is
differentiable and there exist a real number m = infi>0 g'(t), then the inequality
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1

I U902 Fa

T BT g(t) ~ T () + mI” (), (2.15)

is valid for ¢, > 0.
For the proofs of the theorems, see [16].
The following are some properties of the Riemann-Liouville fractional integrals ([17, 18, 19]).

Let a, 8 € R and f1 € Cla,b], then
LIS f(x) = I 10, f () = I35 f (). (2.16)
This property is usually called semi-group property.

The anti-derivative property is also given by
Dg 13 f(z) = f(=), (2.17)
and
I°1° f(t) = I°1° f (1), (2.18)
for all a, 8 > 0. This is also called the commutative property.

Definition 2.3. Let f be an integrable function on [a,b] and z € (a,b), then

1

(15.0) @) = a5 / "o — a) D f(t)dyt, (2.19)

for all @ € RT.

3 Results and Discussion
We begin this section with a lemma.

Lemma 3.1. Let f and g be positive and increasing functions on [0,00) such that f(y) > f(z) and
g(y) > g(x) fory > =z, then

fWg(y) + f(@)g(z) > f(y)g(z) + f(x)g(y) (3.1)
holds for all z,y € [0, c0).

Proof. Given that f(y) > f(z), then

fly) _ fx)

aw) 9w " (32)
and for g(y) > g(z), we have

9y) _ g(x)

o iw " (33



Ajega-Akem et al.; ARJOM, 15(2): 1-10, 2019; Article no. ARJOM.51963

Thus
fly)  f@) (9ly) glz)
(9 Y) g(y)) (f(y) f(y)) 0 (34
Implies
fWg(y) + f(@)g(x) — f(y)g(z) — f(z)g(y) >0, (35)
fWg(y) + f(@)g(z) > f(y)g(@) + f(x)g(y) (3.6)
as required. O

Lemma 3.2. Let a > 0 and t,z € RY then

ft—gqn)* (1= (1-¢)")
/O T —dyr = (3.7)

holds for ¢ # gzx.

Proof. Considering the LHS of (3.2) we have
¢ (t — IQ)Q ! _ 1 ! a—1
B ta71 t zq a—1
- W/o (1 - (T)) dyz. (3.9)
Let 7 = %2, thus
) R S a1
/0 T (o) dgx = T () /0 (1 —=7)% "dgr. (3.10)
Also, let ¥» = 1 — 7, thus
t (t _ J.'Zq)a71 B ta 1—q a1
f; Sy - ‘qr @),
= qr ) U g — / ) 1dqw] . (3.11)
(3.12)
Using (2.7) and Y77/ ¢°" = #, we have
/ Vv M =(1—¢q az gt = al(i;f)7 (3.13)
n=0
= [Z}q. (3.14)
Hence (3.11) becomes
t (t _ Q$)a71d o [ 1« (1 _ q)oc:|
_ - _ 3.15
A R ] [ el (319
_t* A -(1—¢q)%)
"~ lala() (316)
as requried. O
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Lemma 3.3. Let f and g be positive and increasing functions on RT such that f(y) > f(z) and
9(y) > g(z) fory >z, then

-0 -9)

U519 D% =gy a)

fa(n) > I3 f(t)g(n) + fF(n)Ig g(t) (3.17)

for n,t,a # 0.

Proof. Using inequality (3.1) we have
F(©)g(&) + f(mg(n) > f(©)g(n) + F(n)g(E). (3.18)

Multiply (3.18) by % for t > £¢ and integrating yields

fot ¢ ng()a) fa(§ q£+ft S ng()a) Fa(n)de€ >

(3.19)
_ a—1
Jo SRS FE)g(n)dat + [y TS F(0)g(€)daé.
Applying Definition 2.3 and Lemma 3.2 we obtain
«a ta(l_(l_q)a) e «
I )+ ——————=fg(n) > 1, f(t)g(n) + fF(n)I; g(t 3.20
(1776 0 + S e patn) > 15 10aton) + £ a0 (3:20)
as requried. O
Theorem 3.4. Let f and g be positive and increasing functions on [0,t], then
e qrq(a)[a]q « «@
I —— (1 t) (I t 3.21
(13.19) (0 > 2o (155) () (150) () (3:21)
for t € RT and a > 0.
Proof. Let t > nq and multiplying inequality (3.20) by f ¢ %, we have
t (t—ngq)” a (t—ng)* " t*A-1-9)%)
fo %I fa(t) q77+f0 ( rzq(a) ) ( [a]qpq(§> )fg(n)dqn > ( :
3.22

— a—1 a—1
Jo %J[(f)g( dgn + [y %f(ﬁ)g(f)dqﬁ-
Also applying Definition 2.3 and Lemma 3.2 we obtain

(1= (01=-9%) "1 -1 —-q)%)

(Ig fa(t) + (I fg(®) > I3 (F()g(t) + 17 (F()g(t)) . (3.23)

[a]qql'q () [a]qql'q ()
This simplifies to
a ql'q(o)]alq a @
(I3 fg) () > = (1—q)) (I3 f) (t) (1gg) (t) (3.24)
as required. O

Corollary 3.5. Let f and g be integrable functions on (0,t), t € RY and f(y) > f(z) and g(y) >
g(z), then
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(Iaf9) () > o (1) (1) (1a9) (1),

for y > xz and t # 0.

Proof. Put a =1, and ¢ = 1 into (3.24) yields the required Corollary.

Lemma 3.6. Let f and g be positive and increasing functions on [0,00), then

/t (t = (a)™) " "(me)* ", o1 - (1 ¢7))
0 af-1 7 qa[a]q[mq

for all t,cr, B > 0.

Proof. Considering the LHS of (3.6), we have
t o — a\B—1 a—1 t _ o e o
/ = O g, — /a1 2t = (ng)™)* " (ng)* dym,
0 0

aﬂ
t ay\ B—1
al*ﬂtaw*”/ (ng)* " (1— (%q) ) dyn.
0

Let 7 = (%)a , this implies

t (@t = m9)*)P (g ! B 1-8,08-1) [t a—1 ng\ e\ B—1 o
/0 v dgn = o Pt /O(nq) (1—(7> ) 7qa[a]q(nq)a’1dq‘r
al=BaB g B—1
= _ -7 dgT.
rar el S
Again let ¢y =1 — 7, then
(40 _ paB—1 a—1 1-8,aB8 ,1_g
e = 2t [T w0 g
«@ « q
B Ql—BraB U e
= W {/0 (%) dq¥ */0 (%) dqw] .
Thus
/t (ta _ na)ﬂ—lna—l d al—ﬁta,ﬁ |: 15 (1 _ qa),ﬁ:|
— n=—7 o T T 1 |
0 af=1 ! q*[e]q [[Blq [o]q
_ a1 - (1-¢%))
q*[alq[Blq

Theorem 3.7. Let f and g be positive and increasing functions on [0,00). Then

qu(B)Fq(a)[a}q

a+pB
L7 19) > o al, & T, () (L — A=)

Ig*P f(t)g(t)

for all t,a, 8 > 0.

(3.25)

(3.26)

(3.27)

(3.28)

(3.29)

(3.30)

(3.31)

(3.32)
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Proof. By inequality (3.20) we have

(tain(y)ﬁ—l a—1 (taina)ﬁ—lna—l

t a tt¥(1—(1—q)™ @
Jo 13 £9) O Grarr—dan + [ [(a]q(r,,(f,)) Hgg(t) T @ar-1 >

(3.33)
Ji 15 FO)90) R g + I P 0() R
for t > n.
Applying Definition 2.3 and Lemma 3.6 we obtain

o' TPt (1 = (1= ¢)") a-0-q9%

(IS fg(t) + (I fg(t) > I3 F(E)I5 g(t) + I F(£) I g(t).

q°T'q(B)[lq[Blq qla]qlq(e)
(3.34)
Let w = aliﬁt:aﬁ[fj];[%;qﬁ)a) and substitute into (3.34) yields
W a A=A =9)%) a8 o p0\ 7B B ey
= IoIPfgt) + ————— oy t) > IS f(O)IFg(t)+ 15 f(t t). .
Fogy o0 + S e ) > I + 1000, (339
Applying (2.16) yields
w e t&(l_(l_q)a) et « o4
IETP fg(t) + e LT P fg(t) > ISP f(8)g(t) + TP F()g(t). 3.36
o 1 a0+ e T () > 1 00+ 17 F 000, (330)
Thus
Ly (B)Lg()[0]
15 fg(t) > L 157 f(t)g(t) (3.37)
! wlg(a)lalq +t2Tq(B)(1 — (1 —¢q)*) *
as required. O
Corollary 3.8. Let f and g be positive and increasing functions on [0,00), then
1
I fg(t) > I f(0)g(®) (3.38)
is valid for t # 0.
Proof. By leting w =0, 8 =1,q =1 and substituting into (3.37) yields the result. O
Remark 3.1. Let o =1 in (3.38), then
2 1o
P fo(t) > 11 f()g(t) (3.39)

for t # 0.

4 Conclusions

This study presented some new inequalities involving Chebyshev and Riemann-Liouville fractional
integral inequalities for positive and increasing functions using g-Calculus. The results will contribute
significantly to knowledge that exist in this field of study and the academic world.
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