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Abstract

When a star passes too close to a supermassive black hole, it gets disrupted by strong tidal forces. The stellar debris
then evolves into an elongated stream of gas that partly falls back toward the black hole. We present an analytical
model describing for the first time the full stream evolution during such a tidal disruption event (TDE). Our
framework consists of dividing the stream into different sections of elliptical geometry, whose properties are
independently evolved in their comoving frame under the tidal, pressure, and self-gravity forces. Through an
explicit treatment of the tidal force and the inclusion of the gas angular momentum, we can accurately follow the
stream evolution near pericenter. Our model evolves the longitudinal stream stretching and both transverse widths
simultaneously. For the latter, we identify two regimes depending on whether the dynamics is entirely dominated
by the tidal force (ballistic regime) or additionally influenced by pressure and self-gravity (hydrostatic regime). We
find that the stream undergoes transverse collapses both shortly after the stellar disruption and upon its return near
the black hole, at specific locations determined by the regime of evolution considered. The stream evolution
predicted by our model can be used to determine the subsequent interactions experienced by this gas that are at the
origin of most of the electromagnetic emission from TDEs. Our results suggest that the accretion disk may be fed at
a rate that differs from the standard fallback rate, which would provide novel observational signatures dependent
on black hole spin.

Unified Astronomy Thesaurus concepts: Black hole physics (159); Hydrodynamics (1963); Galaxy nuclei (609)

1. Introduction

Encounters between stars in galactic nuclei occasionally
launch one of them on a plunging near-parabolic trajectory that
leads to its disruption by the central supermassive black hole
(Rees 1988). The stellar debris then evolves into an elongated
stream of gas, half of which falls back close to the compact
object where shocks and accretion occur. A powerful
electromagnetic signal is then emitted that constitutes a unique
probe of these otherwise quiescent black holes. Such tidal
disruption events (TDEs) have been observed on multiple
occasions (e.g., Sazonov et al. 2021; van Velzen et al. 2021),
and the number of detections is about to skyrocket with
upcoming facilities such as the Rubin Observatory (Bricman &
Gomboc 2020).

In this Letter, we present an analytical model that can follow
for the first time the entire stream evolution in a TDE. It
consists of dividing the stream into different sections of
elliptical geometry, which are evolved in their comoving frame
under tidal, pressure, and self-gravity forces. By including the
gas angular momentum and explicitly treating the influence of
the tidal force, we are able to accurately capture the
hydrodynamics near the black hole. In particular, our model
can follow the return of the stream to pericenter, which is not
computationally feasible with current global numerical
simulations.

2. Stream Evolution Model

2.1. Framework

We consider a star approaching the black hole on a parabolic
orbit with a pericenter distance equal to the tidal radius

( )=R R M Mt h
1 3

  . Here, Mh is the black hole mass while Må

and Rå denote the stellar mass and radius, respectively. We
adopt the frozen-in approximation where the star is assumed to
remain unaffected until it reaches the tidal radius (Lacy et al.
1982; Rees 1988). We divide the star into sections orthogonal
to the orbital plane and located at different net distances
r= μRå from the stellar center, where−1� μ� 1 as schema-
tically depicted in Figure 1. The centers of mass of these
sections then follow a range of trajectories with the same
pericenter as the star but different orbital energies ò= μΔò with
D = GM R Rh t

2  (Stone et al. 2013). Accordingly, our model
consists of studying the evolution of these sections, which are
specified by the value of their “boundness” μ.
The centers of mass of each section evolve on different

Keplerian trajectories with a position with respect to the black
hole specified by R(μ, t)= Rer, where er is the radial unit
vector. We define ℓ=−∂R/∂μ, which is tangential to the line
joining the centers of mass of all sections. This allows us to
specify the orientation of each section by requiring that it
remains orthogonal to the unit vector e∥≡ ℓ/ℓ, where ℓ= |ℓ|
measures the longitudinal length. The orange surface sketched
in Figure 1 depicts one of these sections with μ< 0 at different
times as it follows a bound elliptical trajectory. The vector e∥
initially points toward the black hole, and it subsequently
rotates to indicate the local direction of stream elongation, as
dictated by the tidal force. Based on this orientation, we define
two unit vectors ez and e⊥= ez× e∥ that are orthogonal to and
aligned with the stellar orbital plane, respectively. Along these
directions, each stream section is assumed to have an elliptical
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geometry with vertical and in-plane transverse widths H and Δ
(see Figure 1).

2.2. Dynamical Equations

We first describe the orientation of each section, as
determined by the vector ℓ= ℓe∥. Because of the tidal force,
it evolves according to

̈ · ( )= - -
R

Rℓ
GM

R
ℓ

ℓ

R
3 , 1h

3 2
⎛
⎝

⎞
⎠

where dotted variables represent derivatives with respect to
time. It is convenient to define the vector G º ℓ ℓ , which,
according to Equation (1), evolves as

( ) ( )d lG G= - - -e e
GM

R
3 cos . 2h

3 r 

This vector can be decomposed as Γ= λe∥+Ωe⊥, where
·l = = eℓ ℓ ℓ ℓ   and ·W = êℓ ℓ are the rates of elonga-

tion and rotation of the section, respectively. Projecting
Equation (2) onto e∥ and e⊥ we obtain

( ) ( )l l d= W - - -
GM

R
1 3 cos , 32 2 h

3
2

( )l d dW = - W +
GM

R
2 3 cos sin . 4h

3


Here, the angle δ< 0 is measured between the unit vectors er
and e∥ (see Figure 1).

The evolution of the two transverse stream widths H and Δ
is specified by the tidal, pressure, and self-gravity forces
according to

̈ ̈ ̈ ̈ ( )= + +H H H H , 5t p g

̈ ̈ ̈ ̈ ( )D = D + D + D . 6t p g

The contribution from the tidal force is given by Bonnerot &
Lu (2022):

̈ ( )= -H
GM

R
H, 7t

h
3

̈ ( ) ( )dD = - D - + DW - W
GM

R
V1 3 sin 2 , 8t

h
3

2 2

( )d d l= D + DW -v
GM

R
V3 cos sin , 9h

3
 

where V=ΔΩ+ v∥. The last two terms in Equation (8) reflect
the fact that each section remains orthogonal to the direction e∥
of stream elongation. These terms compensate for the shearing
that imposes the gas at Δ≠ 0 to move along e∥ with respect to
the center of mass at the velocity v∥ determined by
Equation (9).
Following Kochanek (1994), the contributions from pressure

forces and self-gravity are estimated as

̈ ( )
r

=H
P

H
, 10p

̈ ( )
r

D =
D
P

, 11p

̈ ̈ ( )p r= D = -
D
+ D

H G
H

H
4 . 12g g

Equations (10) and (11) approximate the pressure gradients by
ignoring order-unity factors related to the exact transverse
profiles while Equation (12) makes use of Gauss’s theorem,
estimating the circumference of the elliptical section as
π(H+Δ).
The pressure is evaluated from P=Kρ5/3, where K is a

constant, as appropriate for an adiabatic evolution. The density
of a given section of stream is calculated from ρ=Λ/(πHΔ),

Figure 1. Sketch showing the evolution of a bound section of the stream (orange surface) specified by its boundness μ < 0 as it follows an elliptical trajectory (dashed
line) around the black hole (black circle) starting from its initial location inside the star at the tidal radius (pericenter). This section remains orthogonal at all times to
the unit vector e∥ locally aligned with the longitudinal direction of the stream elongation. The unit vectors e⊥ and ez point along the transverse directions aligned and
orthogonal to the stellar orbital plane, respectively. The transverse widths of the stream section are given by Δ and H.
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where the linear density evolves as

( )lL = - L, 13

due to longitudinal stretching at a rate obtained by solving
Equation (3). Note that this equation for mass variation would
be equivalent to l=ℓ ℓ for the longitudinal length if the mass
of each section were instead assumed to remain constant.

The system of Equations (3), (4), (5), (6), (9), and (13) can
be solved in terms of the independent variables λ, Ω, H, Δ, v∥,
and Λ as a function of time for a given set of initial conditions.
Doing this for each section, characterized by a given boundness
μ, we can determine the gas properties through the entire
stream evolution.

2.3. Initial Conditions

Consistently with the frozen-in approximation, the initial
conditions are set tol = W = = D = =H v 0i i i i ,i   . The star is
positioned at the tidal radius (see Figure 1), where δi=−π and
the initial transverse widths for a given section are

( )m= D = -H R 1i i
2 1 2

 . The stellar density profile is
assumed to be polytropic with an exponent γå= 5/3. The
linear density Λi of each section is obtained by integrating over
a slice offset by a net distance r= μRå with respect to the
center of the star, following Lodato et al. (2009). The initial
pressure is such that hydrostatic equilibrium is satisfied with

̈ ̈= -H Hp g and ̈ ̈D = -Dp g, which yields a value for the
prefactor ( )p m= L -K G R2 12 3

i
1 3 4 3 2 2 3

 .

3. Results

We now describe the full stream evolution predicted by our
model for a fiducial case. We consider a black hole with mass
Mh= 106Me and a star with solar mass and radius Må= Me
and Rå= Re, which correspond to the typical configuration
studied in most previous works.

3.1. Longitudinal Length

Although the longitudinal length is not solved for explicitly,
it can be found from the linear density as ( )= L L -ℓ ℓi i

1 with
an initial value arbitrarily set to ℓi. Its evolution is shown as a
function of radius in Figure 2 (upper panel) for different stream
sections. The sections get stretched with ℓ 0 at all times and
irrespective of their boundness μ. When the gas moves
outward, the length scales as ℓ∝ R2, but this evolution
becomes ℓ∝ R for the unbound sections with μ> 0 because
they reach different terminal velocities at large radii. After
passing their apocenter, the bound sections with μ< 0 move
inward with the length increasing as ℓ∝ R−1/2.

The scaling for the bound sections can be obtained
analytically by realizing that, because of their low angular
momentum and binding energy, it is legitimate to approximate
their center-of-mass trajectories as radial and parabolic.
Equation (1) then simplifies to3 ̈ =l GM ℓ R2 h

3 with
( )=R GM t9 2h

2 1 3 (Sari et al. 2010). Specifying the initial
conditions by ℓ= ℓeq and =ℓ 0 at =R R ℓ

eq, the length takes

Figure 2. Evolution of the longitudinal length (upper panel) and transverse
widths in the vertical (middle panel) and in-plane (lower panel) directions for
stream sections with different orbital energies as specified by their boundness
μ. The initial value used as normalization is arbitrarily set to ℓi for the length
and given by ( )m= D = -H R 1i i

2 1 2
 for the two widths. For a given stream

section, diamonds and circles represent the initial and final locations,
respectively. The thick green dashed line in the upper panel shows the
analytical result of Equation (14) for ℓeq = ℓi and =R Rℓ

eq t .

3 Note that this equation is equivalent to the system formed by l=ℓ ℓ and
Equation (3) for Ω = δ = 0, which is more convenient to solve for nonradial
orbits.

3

The Astrophysical Journal Letters, 931:L6 (6pp), 2022 May 20 Bonnerot, Pessah, & Lu



the analytical form

( )= +
-

ℓ
ℓ R

R

R

R5
4 14

ℓ ℓ

eq

eq

1 2

eq

2
⎡

⎣
⎢
⎢

⎛

⎝
⎜

⎞

⎠
⎟

⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦
⎥
⎥

from which we recover the two scalings ℓ∝ R2 and ℓ∝ R−1/2

found above for a stream section when it moves outward and
inward, respectively. In particular, the thick green dashed line
in Figure 2 shows this analytical formula for ℓeq= ℓi and

=R Rℓ
eq t, as imposed by the frozen-in approximation. It is

close to the length of the section with μ= 0, except near
pericenter due to the nonzero gas angular momentum.4

3.2. Transverse Widths

We now turn to the evolution of the stream sections in the
transverse directions. As previously argued by Coughlin et al.
(2016a), we find that it qualitatively differs depending on the
initial location of the section inside the star, which specifies the

contribution from the tidal force relative to pressure and self-
gravity. The sections belonging to the outer layers have low
densities ρ= ρg≡Mh/(2πR

3), implying that their transverse
evolution is almost entirely ballistic as specified by the
dominant tidal force. Instead, the sections close to the stellar
core have higher densities ρ? ρg such that pressure and self-
gravity forces dominate to maintain hydrostatic equilibrium at
early times. The separation between these two behaviors
corresponds to a critical boundness |μ|= μg obtained by setting
the initial density to ρg. This leads to

( ) ( ) ( )m mL = -M R1 2i g g
2

  , which numerically gives
μg≈ 0.533 for the polytropic density profile with γå= 5/3
considered here.
We refer to these two regimes as “ballistic” (|μ|� μg) and

“hydrostatic” (|μ|� μg). They are discussed separately below
based on the evolution of the transverse widths displayed in
Figure 2 (middle and lower panels) as a function of radius for
different sections. The associated elliptical geometry is shown
inside small square boxes in Figure 3 for two bound sections at
nine different locations along the center-of-mass trajectory.

Figure 3. Elliptical geometry of two bound stream sections in the ballistic (μ = −0.98, left panel) and hydrostatic (μ = −0.1, right panel) regimes displayed in square
boxes at nine different locations (red and blue points) along their center-of-mass trajectory (black solid curve). The gray arrows represent the unit vector e∥ pointing
along the local direction of stream elongation (shown in orange initially). The purple and green arrows show the velocity vector at the equilibrium point where =H 0 ,
which is parallel to the intersection line (dashed lines of the same color) where the orbital planes of the gas inside each section cross. For better visibility, we only show
portions of the trajectory with μ = −0.1 separated by small parallel segments because it would otherwise have a much larger apocenter. We use the same scale to
depict the elliptical sections for boxes inside the lower inset (points 1, 2, 3, 8, and 9) but a different one for the other boxes (points 4, 5, 6, and 7). These scales also
differ between the two panels.

4 The treatment of stream elongation of Coughlin et al. (2016a) assuming
radial motion is similar to this analytical function. However, they did not
include the ℓ ∝ R−1/2 scaling, implying that ℓ = ℓi is reached beyond the tidal
radius at =R R5 t, which is inconsistent with the frozen-in approximation.
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3.2.1. Ballistic Regime

The two stream sections with |μ|= 0.98 have low densities
ρ= ρg that make their transverse evolution nearly ballistic as
specified by the tidal force only (Coughlin et al. 2016a). The
gas with H> 0 in these sections then follows an almost fixed
orbital plane that crosses that of the center of mass along a line.
It is straightforward to show geometrically that this intersection
line must pass through the black hole and be parallel to the
center of mass velocity at the equilibrium point where =H 0
(Luminet & Marck 1985).

Due to the frozen-in approximation, this equilibrium point is
located at the tidal radius where all sections have an initial
velocity vector perpendicular to the direction to the black hole.
This implies that the intersection line is aligned with the minor
axis of the orbit (see left panel of Figure 3). As a result, the gas
in these sections vertically collapses to H=Hi at the semilatus
rectum where R≈ 2Rt (see also Equation (13) of Stone et al.
2013) before quickly bouncing back due to pressure forces.5

This interaction also occurs during the infall of the bound
section, causing the formation of a “nozzle shock” (Bonnerot &
Lu 2022) before (and potentially also after) pericenter passage.
Farther out, the width is proportional to the projected distance
to the intersection line d≈ R because the stream section is
confined between the two inclined orbital planes. This implies
that H∝ R, as seen in Figure 2.

As we did above for the length, the scaling for the transverse
widths of the bound sections can be obtained analytically by
considering a radial parabolic trajectory, which is done by
solving ̈ ̈=H Ht using Equation (7) with ( )=R GM t9 2h

2 1 3

(Sari et al. 2010). With the initial conditions =H 0 and
H=Heq at =R R H

eq , the (unique) transverse width (Δ=H)
is then given by

( )= -H H
R

R

R

R
2 . 15

H Heq
eq

1 2

eq

⎡

⎣
⎢
⎢

⎛

⎝
⎜

⎞

⎠
⎟

⎤

⎦
⎥
⎥

In the above situation, the equilibrium point is at =R RH
eq t,

which implies that a collapse with H= 0 occurs at a radius
R= 4Rt only slightly larger than in the nonradial case. The
resulting bounce leads to a sign flip in Equation (15), such that
the same scaling H∝ R as above is followed at larger radii.

A similar collapse occurs along the e⊥ direction at R 2Rt

where Δ=Δi (see Figures 2 and 3), which is the same effect
as the in-plane “pancake” identified by Coughlin et al. (2016b).
Following a bounce, the width evolves as Δ∝ R at larger radii
like in the vertical direction, as expected based on
Equation (15), which Δ also obeys in the radial situation
where Ω= δ= 0. For the bound section, the gas gets squeezed
again when it comes back near pericenter. This is because the
longitudinal direction e∥ (gray arrows in Figure 3) gets aligned
with the center-of-mass trajectory. Close to the black hole, Δ
therefore measures the radial extent of the stream section,
which is near zero as this gas has similar pericenter distances
due to angular momentum conservation under the tidal force
alone.

3.2.2. Hydrostatic Regime

Because the stream sections with |μ|� 0.1 have densities
ρ? ρg inside the star, the tidal force can initially be ignored
compared to self-gravity and pressure. As a result, their
transverse widths oscillate around the scaling H∝ R1/2 and
Δ∝ R1/2 (see Figure 2) that follow from hydrostatic
equilibrium with ̈ ̈» -H Hp g and ̈ ̈D » -Dp g (Coughlin et al.
2016a). While moving outward, this condition remains satisfied
because the density evolves like ρg as ρ∝ R−3 due to
Λ∝ 1/ℓ∝ R−2.
However, the density of the bound section becomes ρ< ρg

after apocenter passage because the scaling changes to
ρ∝ R−1/2 as Λ∝ R1/2 during infall. As a result, the tidal force
becomes dominant during the approach to the black hole. From
this moment, the bound section with μ=−0.1 is confined
vertically between the orbital plane of its center of mass and
followed by the gas at H> 0. As before, these two planes cross
along an intersection line aligned with the velocity vector at the
equilibrium point where =H 0 (Luminet & Marck 1985).
However, this point is now located after apocenter where the
gas moves almost radially, implying that the intersection line is
nearly aligned with the major axis of the trajectory (see the
right panel of Figure 3). Because the projected distance then
scales as d∝ R1/2, so does the vertical width H during the
infall, as seen in Figure 2. Again, this scaling is predicted by
Equation (15) in this case because R RH

eq t . This section of
the stream gets vertically compressed when it passes through
the intersection line very close to pericenter, which leads to the
“nozzle shock” recently simulated by Bonnerot & Lu (2022).
Because it also obeys Equation (15) in the radial case, the in-

plane width follows the same scaling Δ∝ R1/2 during infall
(see Figure 2). However, its evolution differs near pericenter
where it retains a value of Δ/Δi≈ 4, larger than for the more
bound section evolving under the tidal force alone. The reason
is that the additional pressure force induces a spread in angular
momentum during the previous phase of hydrostatic equili-
brium, which causes the section to acquire pericenter distances
different from the stellar center of mass.

4. Discussion and Conclusion

We have developed a model that can follow the entire
evolution of the debris stream by dividing it into individual
sections of elliptical geometry. Our model evolves the long-
itudinal stretching as well as both transverse widths. For the
latter, we identified two regimes depending on whether the gas
is affected only by the tidal force (ballistic regime) or also by
pressure and self-gravity (hydrostatic regime). By treating the
tidal force explicitly and including the gas angular momentum,
we are able to accurately follow the dynamics near pericenter
and identify the locations where the stream section collapses.
Shortly after its disruption, the star undergoes vertical and in-

plane collapses in the ballistic regime that our model can follow
simultaneously. While they have so far been investigated
independently (Stone et al. 2013; Coughlin et al. 2016b), our
unifying approach can capture the interplay between these two
effects. This could be used to more accurately study the
hydrodynamics of stellar compression, in particular for deeply
penetrating encounters where most of the gas moves
ballistically.
When the stream returns near the black hole, it vertically

collapses under the tidal force. In the hydrostatic regime, the
5 Although we treat them as adiabatic, the collapses experienced by the
stream can lead to shocks that increase the gas entropy.
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gas gets squeezed only once close to pericenter. The resulting
nozzle shock was studied in a recent simulation (Bonnerot &
Lu 2022), which found that it does not inflate the stream
significantly. In the ballistic regime, our model predicts that the
stream encounters a vertical collapse both before and after
pericenter passage, which we suggest could enhance the impact
of the nozzle shock.

After its passage at pericenter, the stream eventually collides
with itself, leading to a self-crossing shock that initiates
accretion disk formation (e.g., Bonnerot et al. 2021). Due to a
faster vertical width increase and a potentially stronger nozzle
shock, our work suggests that earlier-arriving gas in the
ballistic regime can collide promptly despite the offset induced
by the Lense–Thirring precession. Instead, later-arriving gas in
the hydrostatic regime is more likely to miss the first collision
(Bonnerot & Lu 2022) and continue to evolve for several
orbital periods before intersecting itself (Guillochon &
Ramirez-Ruiz 2015; Batra et al. 2021).6 This effect would
imply that the accretion flow is fed at a rate that differs from the
initial fallback rate, leading to novel observational conse-
quences dependent on black hole spin.

While our present work focuses on a single value of the
black hole mass and depth of the encounter, we will carry out a
more extensive exploration of the parameter space in the future.
A possible effect of a deeper encounter is to modify the fraction
of gas that belongs to the hydrostatic and ballistic regimes
(Steinberg et al. 2019), thus affecting the subsequent stream
evolution. Additionally, we intend to generalize our framework
to include the presence of stellar rotation and magnetic fields,
which may affect the evolution of transverse widths through the
additional centrifugal (Golightly et al. 2019) and magnetic
pressure (Bonnerot et al. 2017; Guillochon & McCourt 2017)
forces acting on the stream.

This project has received funding from the European
Union’s Horizon 2020 research and innovation program under
the Marie Sklodowska-Curie grant agreement No. 836751. W.
L. is supported by the Lyman Spitzer, Jr. Postdoctoral
Fellowship at Princeton University.
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