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Abstract

In this paper, the generalized KP-BBM equation is considered. The G’/G-expansion method and
the first integral method are applied to integrate the equation. By means of the two methods, the
rational solutions, the periodic solutions and the hyperbolic function solutions are thus obtained
under some parametric conditions.
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1 Introduction which is a combination of the KP equation

and the BBM equation and was deduced when
Recently, many researchers have studied the Wazwaz[1] studied the BBM equation in the
following  nonlinear  Kadomtsov-Petviashvili- sense of the KP equation. The KP equation was
Benjiamin-Bona-Mahony (KP-BBM) equation introduced in order to discuss the stability of

[ut —+ Up — a(u2)z — buzzt]z + kuyy - 07 (1)
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tense waves to perpendicular horizontal
perturbations[2]. The BBM equation has
been proposed as a model for propagation
of long waves where nonlinear dispersion is
incorporated[3]. Up to now, researchers have
succeeded in applying several methods to study
the KP-BBM equation and getting some results.
Wazwaz[1] obtained some periodic solutions and
solitons solutions by using the sin-cosine method
and the tanh method. In addition, Wzawaz[4]
used the extended tanh method to obtain some
exact solutions. Abdou et al.[5] got some periodic
wave solutions, solitary wave solutions and
triangular wave solutions by using the extended
mapping method with symbolic computation.
Song et al.[6] employed the bifurcation method
of dynamical systems to investigate bifurcation of
solitary waves.

In this paper, we consider
generalized KP-BBM equation

[(u™)e + (u")z — a(u™ )z —
b(un)mt]m + k(un)yy =0, 2)

where a,b,k are constants, n,m are positive
integers and m,n > 1. Specially, when m =
n = 1, (2) becomes (1). Tang et al.[7] studied
travelling wave solutions of (2) with parametric
conditions of n > m > 1 by bifurcation theory
of dynamical systems. The goal of this paper
is to obtain the rational solutions, the periodic
solutions and the hyperbolic function solutions
of system (2) by applying the G’/G-expansion
method and the first integral method. The G'/G-
expansion method was first presented by Wang
[8] which can be used to deal with all types of
nonlinear evolution equations. From then on,
the G’/G-expansion method has been widely
used, for example, Ozkan Guner et al.[9] used
the method to obtain exact soliton solutions of
nonlinear fractional density-dependent fractional
differential equation with quadratic nonlinearity
and nonlinear fractional approximate long water
wave equation. The first integral method was
first proposed by Feng[10] for obtaining the
exact solutions of Burgers-KdV equation which is
based on the ring theory of commutative algebra.
It has been applied to many nonlinear evolution

the following

equations, for example, M. Eslami et al. [11]
considered the resonant nonlinear Schrodinger’s
equation with time-dependent coefficients by
employing the first integral method and obtained
the exact solutions of the equation.

2 The G’'/G-expansion
method to the generalized
KP-BBM equation

Let us assume that the solutions of (2) take the
form

U(%yvt) :u(£)7 £:k’1$+l1y+)\1t, (3)

where ki1,l1,A\1 are constants.
transformation (3), (2) becomes

Using the

(kadi 4 k5 + kD) (™) — aki(u™ )" —
bALKS (u™)™® = 0.

Integrating the above equation twice and letting
the first integral constant be zero, hence, we have
the following ODE

(kidi + kT + D u™ — akiu™ ! —
ki) =g, (@)

where ¢ is an integral constant and ™" is the
derivative with respect to £&. We assume that (4)
has solutions as the following form [12, 13]

a\"

wo-o(%)
where D is a non-zero constant which will be
determined later. N is determined by balancing
the linear term of the highest order derivatives
with the highest order nonlinear term of (4) and G
satisfies a second order constant coefficient ODE

"

G (&) + 2G (€) + nG(€) =0, (5)

where A, are constants that need to be
determined later. Considering the relationship
between m+1 and n in (4), there are the following
two cases.
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21 m+1>n

Balancing (u™)” with u™*! of (4), we have nN +2 = N(m+1), thatis N = 2/(m—n+1). Therefore,
the solutions can be written as

2
G\ tn—n¥D)
=D(= .
w9 =0 (%) ©
Then, we obtain
G/ 2n+1 G/ 2(M+_H
n _ n Y mon m-+1 _ m+1 [ & mon
vo= P (G) / R (G)
2n 2n
N 2n n 2n G\ menFi in G\ menr
@ = mfn+1D {(mfn+1+1)(5> +(mfn+1+1)>\(6>

2n 2n
2n 2 G\ m—n+I 4dn G’ menfT
—2u+ X)) | = —— D =
er—n—&—l(ﬂJr )(G> Jr(m—n—|—1 )H(G

2n
2n 9 G\ m—nF1 -2
— = .
Jr(m -n+1 o ( G )

Substituting the above formulas into (4) and collecting all terms with the same order of G’ /G together,
we can convert the left-hand side of (4) into a polynomial in G’/G. Then, setting each coefficient of
each polynomial to zero, we derive a set of algebraic equation for A\, ux and D.

2n +2
,\ m—nF1
(%> coeff:

3 2n 2n n 2 ym+1
— D" — D = 7
bAkE e (= + 1)D” — ak] 0, 7)
A==
(%) coeff:
2n in
—bAi K} DAD™ =
11m—n+1(m—n+l+ ) 0, ®
(%> coeff:
3 2n 2 2\ yn 2 2\ yn
bAlkl(im_n+1) 2+ X)D" + (Mki + k7 + k7)) D™ = 0. 9)
According to the situations that whether 2+ — 1 and ;22 — 2 are equal to zero, we need to
consider the cases as follows.
Casel. - —1#0and 225 —2#0 (ie. n# ™5t and n # 1)
A=
(%) coeff:
2n an
—bA\i K} —1)AuD" = 1
ke (g~ DD =0, (10)
2n___o
,\ m—n+1
(%> coeff:
: 2n 2n
—bA kS —1)p*D" =0 11
11m_n+1(m_n+1 )/JJ ’ ( )
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, 0
(%) coeff:

Solving the set of (7)-(12) , we have

g=0. (12)

—bA k3 2n 2n +1 m—n+1
A=p=0, g¢g=0, Mk +ki+Ekl=0, D:( - 1"“”;;25”“"“ ) - (13)
1

Substituting (13) into (5) and (6), we can obtain the the rational solutions

1
7b)\1k? 2n ( 2n + 1) m—n+1 C m—2n+1
0 — m—n+1\m—n+1 !
u(z,y.) ( » ) e

ak? kiz + Ly + Mt

where C1, C- are arbitrary constants. The solution u(z, y, t) is presented in Fig. 11 at the end of this
paper.

Case 2. m32+1—]ﬁ=0(Le.n::E%i)

2771+1,1
o’ m—n .
<E> coeff:

2n in n .
_b)\lklmfnJrl(mfnJrl_l))\'uD g=0, (15)
20 _o
/ m—n+1
(%) coeff
2
k2 pyurpr—o (16)

m—-n+1"m-n+1

Solving (7)-(9), (15)-(16) and combining n = mT“ , we can derive

1
_ Mk KR <—2b,\1k%> 2

17
SBWE, ok (17)

Substituting (17) into (5) and (6), then, (5) thus becomes

v (kKRR
G+( o0 K7 G=0.

S . . A1 ky+kZ+k12
Considering the relationship between BT e

A1k1+kI kI3
I 2671 K <0

We obtain the hyperbolic function solutions

and zero, we have the following results in the end.

1
kil + kT + K1\ 2"
U(ﬂfayvt):( = ak:; :
1

2., ,,2\1/2 2 1/2
C3sinh(w) (k1x+11y+A1t)+c4cosh(M) (k12 + Ly + Aut)

—2bA1 K —2bA1 k3

k1X1+k2+kl12
—2bA1 k3

k1X1+k2+kl12

1/2
BT W ) (k1m+l1y+)\1t)

12
Cs cosh( ) (kiz + Ly + Mt) + Ca sinh(
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where Cs, C4 are arbitrary constants.
A1k1+kI+k12
We obtain the hyperbolic function solutions

1
w1y = (B2t ki + K3\ "
7y7 - akf
1
2 ,,2\1/2 2,2\ 1/2 n
—('5 sin (%) (kiz + liy + A1t) 4+ Cs cos (%) (kiz + Ly + A\it)
1/2 1/2 )
Cs cos (ML) (hna + lay + Mat) + Cosin (P2 ) (i + lay + M)
(19)
where Cs, Cs are arbitrary constants.
m Ak +kI+RIZ 0
- 2bX1 k3 -
We obtain the rational solutions
—obA kD 27 Cs w
) = , 20
u(w7y ) < ak% ) <C7(k1x+l1y—|—>\1t) —|—Cs> (20)

where C7, Cs are arbitrary constants. The solutions (18), (19) and (20) are presented in the following
figures.

¥ - -1

Fig. 1: The solut]on (18) for t =0, Fig. 2: The solutlon { 19)for t =0, Fig. 3: The solut]on (20) for t =0,

a_b—zlkl—ll—k—l a=— Q,b_g,n_?)m S ﬂ—b—g,ki—ll—k—l
M=-1n=3m=8, ki=li=M=k=1, M=-2n=3m=8
Cs=2C1=-1 Cs=Cs=1. Cr=1,C3=0.

Case 3. 2" - —2=0(ie.n="41)

o' - _1
s\ m—n
(%) coeff:

2n 4n
—bA\1 k -1 D" = 21
Mk = (e — 1)AD" =0, @1)
n___g
’ m—n+1
<%> coeff
2n 2n 2 n
- —D)p*D" —g= 22
bA1ky _er(m_nJrl JH g (22)
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Solving (7)-(9), (21)-(22) and substituting n = ™ into the results, we get

2

1
N0 ~ 3(kid + KT+ KIT)? ki + kR D— —6bA1 kT \ ™ (23)
-0 9= 16ak2 ST VY = B R &2 '
Substituting (23) into (5) and (6), similarly, we have the following three cases.
| ki1 +kZ k2 <0
' 8bA1k§
We obtain the hyperbolic function solutions
1
(@, y,t) = <3<km + ki +kl%)> .
7 dak?
2
2.,,,2\1/2 2, .2\ 1/2 *
Cy sinh (%) (kiz + liy + At) + Cho cosh (%) (k1z + liy + \t)
1/2 1/2 )
Cy cosh (ML) (12 4y + At) + Crosinh (B2 ) (i + g + M)
(24)
where Cy, C10 are arbitrary constants.
kA 4k2+k12
We obtain the hyperbolic function solutions
3(kid + k2 4 KIZ)\ ™
+ kL RE)\ "
’U;(l?,y,t): (7 1 )
dak?
2
2 2\ 1/2 2.,,,2\1/2 n
—C11sin (W;;i’?k‘%'%) (kiz + liy + \1t) + Ciz cos (%) (kiz + hy + \it)
1/2 1/2 )
Cicos (klkgzi\i%—klf) (kiz + liy + Ait) + Crzsin (7]“”;&%?[%) (kiz + Ly + Ait)
(25)
where C11, Cy2 are arbitrary constants.
m k1A +EZ4RIZ 0
) 8bA1 k3 -
We obtain the rational solutions
1 2
TR EC . ) (R T—
Y= ak? Cis(kiz + liy + Ait) + Cia ’
(26)

where C13, C14 are arbitrary constants. The solutions (24), (25) and (26) are presented in the following
figures.
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i
'Q.‘.'uu'&'o‘okl :

Fig. 4: The solution (24) for t =0,  Fig. 5: The solution (25) for t =0,  Fig. 6: The solution (26) for t =0,

a=b=Lk=li=k=1, a=b=3%n=3m=5 a=b=%k=lj=k=1,
M=-1l,n=3m=5, ki=li=MA=k=1, M=-2n=3m=35,
Co =2,Cro=-1. Cit=Cra=1. Cia=1,Cra =0.

22 m+1=n
In this condition, (4) thus can be converted into
(kidy + kT + kI — ak)u™ — bkl (u™)” = g.

Obviously, we have the exact solutions as following cases.
k1A +kZ+klZ —ak?

Case 1. W <0
1/2
u(z,y,t) = [C’ e<k1A1+:§T:§f%Lk%) (k1z+l1y+A1t)
IR - 15
T e_(klnwzir:z akz) (k1o+liy+A1t) g n 27)
" Fihi + K2 + kDL — ak?
Case 2. —k”ﬁ_lf::g_ak% >0
i + k3 4+ ki3 —aki\ '’
u(@,y,t) = [017 cos ( — +_1b;\r1k31 . 1) (kiz + Ly + Ait)
1
/2 1
(Fid R RE —akd\! g "
k l At
C1s sin ( —bALK? (haz +hy+Mb) + s
(28)
2 2 2
Case 3. —kﬂﬁf&’:{“kl =0
1
u(z,y,t) = [Qb/\ 3 (ki + liy + Mit)® + Crg(krz + Loy 4+ Mit) + Cao| (29)

where Cis, ..., Cy are arbitrary constants. The solutions (27), (28) and (29) are presented in the
following figures.
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Fig. T: The solution (27) for t =0,  Fig. 8: The solution (28) for t =0,  Fig. 9. The solution (29) for t =0,

a:b:%,nzg,m:z a:&:%ﬁklzzlzk:L a=11b=%,k1=51=k=1,
ki=li=A=k=1, M=-1n=3m=2, M=-1n=3m=2,
g=0,015=C1g =1 g=0,Ci7 =Cg =1 g=1,C1g=1,090 =0

3 THE IMPROVED G'/G-EXPANSION METHOD TO THE
GENERALIZED KP-BBM EQUATION

In order to obtain closed form solutions, we let g = 0 and use the transformation

u(§) = v (), mA1#m,
which will reduce (4) into the following ODE

2n 2n 2n

2 2y 2 2 4 3 N2 3 "o
(kl)\]_+k'1+kl1)’l) aklv b)\lklm—n—l-l(m—n—l-l 1)(’[}) +b)\1k1m’l)’l) 0
(30)

Suppose that the solutions of (30) can be expressed by a polynomial of G’/G as follows

N )

G/ 7
v(€) =) a (5) , (31)
1=0

where a; are real constants with ax # 0 and G = G (&) satisfies (5). N is a positive integer which can
be determined by balancing the highest order derivative term with the highest order nonlinear term
after substituting (31) into (30).

Balancing vv” and v* of (30), we have N + (N +2) = 4N, i.e., N = 1. Therefore, (31) can be
rewritten as

v(€) = ao + a1 (%) . (32)
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Combining (5) and (32), we deduce

/ G’
v = —ai <6> — )\(11 (

Q
\/
t
2

rel
G/ G/ !
W = 2y (6) + 3ha1 6) + (Va1 + 2par) (%)+>\ua1,
I\ 2 /
v = ai (%) + 2a0a1 (%)Jraﬁ,
G/ 4 G/ 3 G/ 2 G/
o= ail <E> +4aoa‘;’ (5) +6aga% (6) +4a8a1 (6>+a§,
and
G/ 4 G/ 3 G/ 2 G/
07 = at(G) r2at (G) + enat e xad) (5 ) vt (G )+,
G/ 4 G/ 3 I\ 2
w’ = 2ad} (6) + (2a0a1 + 3Xai) (5) + (3Xapar + Nai + 2ual) (GG)

!

G
—&—()\,ua% + XNagas + 2uaoar) (E) + A\papas .

Substituting the above v?, v*, (v')? and vv” into (30), collecting all terms with the same powers of
G'/G and setting each coefficient to zero, we have a system of algebraic equations for ao, a1, A and
w as follows.

(%')4 coeff:

2n 2n 2n

—ak2at — b ka2 o 3 2 _
aKk1Qay 1 1a1m—n+1(m—n+1 1)+2b)\1k1a1m—n+1 07
3
G’ .
(ﬁ) coeff:
—dakPaoad — WANEaE—" (2 bk —2" (2a0ar + 3Xa2) = 0
170t tARE m—-—-n+1"m-n+1 11m—n—|—1 0% v
2
G’ .
(5) coeff:
2n 2n
—6akiatal — bA kS _n+1(m_n+1—1)(2ua%+)\2a%)
2n
+bA1ki’m(3Aaoa1 + X%a? + 2ua?) + af Mk + k3 + EI3) =0,
G’ .
(g) coeff:
2n 2n
—dakiadar — QbAlAukfafminJr 1(mfn+ ;-1

2
+b)\1k?7n()\,ua§ —+ a0a1>\2 + 2@0&1/.&) + 2apa1 ()\1]€1 + k% + k’l?) =
m-—n+1

0
G’ .
(5) coeff:
3 2 92 2n 2n

—akiat — bk
ar1ao 11#alm_n+1(

. 2n
e 1)+ b/\l)\,ukfaoalm +ag(Aiky + kT + kD)

=0.
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Solving the above algebraic system with the aid of Matlab, we have

" A\/Qabn)\l k1(3m — 5n + 3)

apg =

L \/Zabn)\l k1(3m — 5n + 3)

ai

2a(m —n+1) ’ alm—n+1) ’ (33)
p= iAQ, Mk + K 4+ kI =0.
Substituting ap and a; into (32), which thus can be written as
_V2abndki(3m —5n+3) (A G
v(e) =+ alm—n+1) 2 G) (34)
Combining (5) and = A* of (33), we derive
G’ A C21
— = 35
G 2 + C21& + Coa (39)

Substituting (35) into (34), finally, we obtain the rational solutions

2
m—n+1

; (36)

V/2abn1ki(3m — 5n + 3) Co1
= |+
U(Qf, Y, t) 021(

a(m—n+1) k1$+l1y+)\1t)+022

where C21,Cy2 are arbitrary constants. The solution u(x,y,t) is presented in Fig. 12 at the end of
the paper.

4 THE FIRST INTEGRAL METHOD TO THE
GENERALIZED KP-BBM EQUATION

For simplicity, we propose a transformation u = 4,07"*2"+1 , (m+ 1 # n). Then, (4) is reduced to

2n 2n

Miky 4 kS + kD)o — akioh — bA K3 —1)¢"?
(Aks + ki + Kl ark1e 11m—n—|—1(m—n—|—1 )¢
2’[1 _ 2n
—bAk} ———— " — g mnFT = (. 37
I P K il (37)
Letz =,y = 3—?, (37) is equivalent to the two dimensional autonomous system
' =y,
, Ouki k3K 2 —aklet—ga” FERFT _pa 2 (2 —1)y? (38)
o bALKT m32+1x '
Making the transformation dn = ﬁ (38) thus becomes
1m—n¥i®
2n
P = (ks + K+ kiD)e® — akia® — ga® T — bk 2 (e - Dy

Then, we apply the Division Theorem!'”) to seek the first integral of system (39). Suppose that
z = z(n),y = y(n) are the nontrivial solutions to (39), and p(z, y) = ao(z) + a1 (x)y is an irreducible
polynomial in C[xz, y], where a;(z), (¢ = 0, 1) are polynomials of z and a;(z) # 0. Let p(z(n),y(n)) =0

10
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be the first integral to system (39). 5 dp is a polynomial in z, y and & o \(39) = 0. According to the Division

Theorem, there exists a polynomlal g( ) + h(x)y in C[z,y], such that

dp (ap dz  Op dy)
dn (39) Oz dn 8y dn (39)
2
= [ao(z) + ai(z)y] b/\1kfm_72+1$y
—2n 3 2n 2n B
+ ()[(z\lk1+k1+kl ya? — akizt — ga® T menF b)\lklm—n+1(m—n+1 1)
= [9(@) + h(=@)y] [ao(z) + a1 (x)y].
Comparing the coefficients of 4* on both sides of (40), we have
3 2n ’ 3 2n 2n
S — = -1 41
b)\1k1m_n+1xa1(w) h(x)a1(ac)+b)\1k1m_n+1(m_n+1 ai(x), (41)
: 2
DMk =y (x) = hz)a(2) + g(x)ar (o), (42)
g(z)ao(z) = |:()\1k'1 + ki + kI)z? — akiz' — ga®~ mfzﬂ} a1 (x). (43)
According to (41), we deduce that ai(z) is a constant and h(z) = —bAiki 22 (20 — 1)
For simplicity, taking ai1(z) = 1. Balancing the degrees of g(z) and ao(z), we can deduce that
deg(g(z)) = deg(ao(x)). Since ao(x), g(z) are polynomials and m,n € N*, we derive that only when
2- 20 =0,2- 25 =1land 2 - 2+ = 6, there exists exact solutions. Therefore, there
are three cases as follows.
2n _
(37) becomes
Ok 4+ B2 + F2)o? — ak?et — bk — 2 (2" 2 2 o —g—0
1R1 1 1)¥ 1P 11m7nJrl m_ntl P 11m7n+1('0<'0 g )
Substituting 2 — —= n+1 = 0 into (41)-(43), so, we can have the following expressions
2bM\ikizal (z) = h(z)ai(z) + 2bAikiar (2), (44)
2bAikizag(z) = h(z)ao(x) + g(x)ai (@), (45)
g()ao(z) = [(Mik1 + ki + kl})z® — akiz® — g] ai(z). (46)

Accordingly, we deduce that ai(z) = 1, h(z) = —2bA:k} and deg(g(z)) = deg(ao(x)). Then,
from (46), we derive deg(g(x)) = deg(ao(x)) = 2. We suppose that

ao(xr) = Ao+ Az + Axx®, (Az #0). (47)
Combining (47) and (45), we derive that
g(x) = 2bM\1 K3 (Ao + 2412 + 3A22°), (48)

where A;, (i = 0,1,2) all are real constants that will be determined later. Substituting (47), (48) and
a1(x) = 1 into (46) and setting all the coefficients of powers z to be zero which allows a system of
nonlinear algebraic equations to be obtained. Solving the system equations, we can get

—a 3()\1]431 + k% + kl%)z

—g
Ao = Ay =+ A =0 = . 49
o= E e 6ok T Y 16ak? (49)

11
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Using the conditions (49) in p(z, y) = ao(z) + a1(x)y = 0, we obtain

_ -9 —a 2
v= qE\/ 2 k3 \/6b/\1k1 v (50)

and z = ¢,y = 3£, (50) can be converted into

Combining the transformations dn = W

dp _ - \/ —a_ 2
a7 2bA1k3jF GoAk: ¥

Solving this first order ODE, we have

o(6) = ﬂ/i ton (T (€ Ca))
p(&) = :F\/%tanh (1 /W(g + 024)> .

Finally, we obtain the exact solution

and

3o

3g ag
u(z,y,t) = ﬂ/ ak? tan (’/7121“?% ((k1$+lly+)\1t)+cz3)>:| ,
and
1) = 39 tanh [ [—Y  ((kva + iy + Mt) + C '
u(z,y,t) = |F k2 an 12b2)\%kf ((k1z + liy 4+ Mt) + Caa) R

where Cas, C24 are arbitrary constants. The solution u(z,y,t) are presented in Fig. 10, where the
formula of u(z, y, t) are that with plus signs.

Fig. 10: The solution u(z,y,t) fort =0,a=b= 5. ky =l =k =1, = =L,n=3,m =5Cy3 = Cgy = 0.

1
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42 2 _—1

m—n+1

Now, (37) becomes

2n 2n 2n

2 2 2 2 4 3 12 3 "o _
(Ak1 4 k1 + KlT)p™ — akip” — ki —— — l(m_nJr T~ D¢~ bkt —— = ¢ —gp =0.
Similarly, we can get
bhikizay(z) = ( Ja(z) + bhikiar (x), (51)
b)qklxao Jc) = h(z)ao(z) + g(z)a1(z), (52)
[ (Atk1 + k:f + klf)xz — ak:fav4 — gaz] a1(x). (53)

Then, we derive that h(z) = —bA\1k3, a1(x) = 1 and deg(ao(z)) = deg(g(x)) = 2. Thus, we suppose
ao(z) = Ao+ Az + Axx®, (A2 #£0). (54)
From (52) and (54), we have
g(z) = bAkS (Ao + 2412 + 3A227),
where A;, (i = 0,1,2) are all real constants that need to be determined later. We substitute ao(z),
a1 (z) and g(z) into (53) and compare all the coefficients of powers = of the both sides of (53). After
setting them to be zero, we can have a system of nonlinear algebraic equations. By solving these

equations, we derive the corresponding solutions as follows

—a
Ay =+ T Ag=A1=0, ¢g=0, Mki+ki+ki=0. (55)

Using the conditions (55) in p(z,y) = ao(z) + a1(x)y = 0, we obtain

— —a 2
Y= 3ok ” (56)
According to dn = e kg and z = ¢,y = 3£, (56) can be reduce to
de —a 2
AR O (57)

Solving (57), we have

—1
o€ = (2 g€+ 00)

Therefore, we obtain the rational solutions

1
u(z,y,t) = (i“i’,b)qk (k1x+l1y+)\1t)+025> ,

where Css is an arbitrary constant. In addition, we find the figure is similar to Fig. 3 when letting
t=0,a=b=3,kn=0h =k=1X A =-2,n=3,m=8,C2 = 0 and taking the plus sign.

13



Cheng and Hu; AJR2P, 1(1):1-16, 2018; Article no.AJR2P 40871

Accordingly, (37) is reduced to
2 2y 2 2 4 3 2n 2n 2 3 2n "o 6 _
(Ak1 + k1 + KlT) o™ — akip 7b/\1k1m—n+1(m—n+1 — 1y fbx\lklim_n_i_lnpnp ge =0.
Similarly, we have
—4b\ikizay (z) = h(z)ai (x) + 20bAi kT aq (), (58)
—4bhikizag(z) = h(z)ao(v) + g(x)ar (x), (59)
g(@)ao(z) = [(A1k1 + ki + kiD)2® — akiz® — gz } 1(z). (60)

Then, we derive that h(z) = —20bA\. k%, ai(z) = 1 and deg(ao(z)) = deg(g(z)) = 3. Thus, we
suppose

ao(x) = Ao+ Az + Asx® + Azz®, (As #0). (61)
From (59) and (61), we derive that
g(x) = 4b\1 K3 (5 Ao 4 4A1x + 3A02° + 2A32°), (62)

where A;, (i = 0, 1,2, 3) are real constants which will be determined later. Then, we can also obtain
a system of nonlinear algebraic equations. After solving that, we have

o B ki + k2 + ki2 —2a2k!
Ao=A2=0, A1 =+ C16bMES 8b/\k 9(Arky + k2 + kI2) (63)

Using the conditions (63) in p(z, y) = ao(z) + a1(x)y = 0, we obtain

Mk + k2 + k2

1600k 1\ 8k a (64)
According to dn = Tgkg and x = p,y = 5£, (64) can be reduce to
2 2
Alklungll kJ«fr T 8bA K7 @ (69)
Solving (65), we have
= AL
=4 (j: o s Case Lk ) . (66)

Substituting (66) and 2 — =6(i.,e.n=2(m+1))intou= gomjzﬂ , thus, we obtain the exact

solutions

m— n+1

%]
bA1 kS

+ Cae 2

2
A ky+k2+k12 n
%(’flz"'llyﬁ')\lt)
. (67)

=+ +,/—=
ulz, y,t) ( Ak + k2 + ki

where Cy is an arbitrary constant. The solution u(z,y,t) is presented in the Fig. 13, where the
formula of u(z, y, t) is that with plus signs.

Remark : In the subsection 4.1, 4.2 and 4.3, when we let a;(z) = Az, (i € NT,i > 1, Ais a
constant), accordingly, we can find the corresponding h(z). However, the final solutions u are the
same as those we obtain in the subsection 4.1, 4.2 and 4.3.

14
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Fig. 11; The solution (14) for t =0, Fig. 12: The solution (36) for t =0, Fig. 13: The sclution (67) for t =0,
a=b=Sk=l=k=1, a=b=1k=l=k=1, a=b=3in=6m=2
M=-2n=3m=4 M=-2n=m=23, ki=li=M=k=1,
C1=1,00=0 Ch1 =1,0992=0. Cog =1.

5 CONCLUSION

In this work, the G’ /G-expansion method and the
first integral method were successfully used to
establish the exact solutions of the generalized
KP-BBM equation. The rational solutions, the
periodic solutions and the hyperbolic function
solutions are obtained under some parametric
conditions. As far as we know, the solutions that
we found are new solutions that are not found in
other papers, such as the literature[7]. Certainly,
the solution of system (2) should be studied
further, which will be left to a further discussion.
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