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Abstract

Any system of ‘big” Boolean equations can be reduced to a single Boolean equation {g(Z) = 1}. We
propose a novel method for producing a general parametric solution for such a Boolean equation without
attempting to minimize the number of parameters used, but instead using independent parameters
belonging to the two-valued Boolean algebra B2 for each asserted atom that appears in the discriminants
of the function g(Z). We sacrifice minimality of parameters and algebraic expressions for ease,
compactness and efficiency in listing all particular solutions. These solutions are given by additive
formulas expressing a weighted sum of the asserted atoms of g(Z), with the weight of every atom (called
its contribution) having a number of alternative possible values equal to the number of appearances of the
atom in the discriminants of g(Z). This allows listing a huge number of particular solutions within a very
small space and the possibility of constructing solutions of desirable features. The new method is
demonstrated via three examples over the ‘big’ Boolean algebras, B,, B4, and B,gg, respectively. The
examples demonstrate a variety of pertinent issues such as complementation, algebra collapse,
incremental solution, and handling of equations separately or jointly.
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1 Introduction

Any system of ‘big’ Boolean equations can be reduced to a single Boolean equation {g(Z) = 1} or {g(Z) =
0} [1-4]. The main types of solutions of such a Boolean equation are the subsumptive general solutions, the
parametric general solutions and the particular solutions. In a subsumptive general solution, each of the
variables is expressed as an interval based on successive conjunctive or disjunctive eliminants of the original
function [1-14]. In a parametric general solution each of the variables is expressed via arbitrary parameters
which are freely chosen elements of the underlying Boolean algebra. A particular solution is an assignment
from the underlying Boolean algebra to every pertinent variable that makes the Boolean equation an identity
[1,2,10,11]. An exclusive enumeration of particular solutions is obtained from any of the two types of
general solutions via an expansion tree in which a parent node might have as many children nodes as the
elements in the underlying Boolean algebra [1,2,10-13]. In particular, in the conventional method for
producing a general parametric solution, the number of parameters used is minimized producing compact
algebraic solutions with parameters belonging to the underlying Boolean algebra. Contrarily to this
convention, we propose a novel method for producing a general parametric solution that does not attempt to
minimize the number of parameters used, but instead uses independent parameters belonging to the two-
valued Boolean algebra B2 for each asserted atom that appears in the discriminants of the functiong(Z). The
parametric solution obtained sacrifice minimality of parameters and algebraic expressions for ease,
compactness and efficiency in listing all particular solutions. These solutions are given by additive formulas
expressing a weighted sum of asserted atoms of g(Z), with the weight of every atom (called its contribution)
having a number of alternative possible values equal to the number of appearances of the atom in the
discriminants of g(Z). These alternatives are based on a set of orthonormal tags, and hence are listed in a
rectangle divided into disjoint cells. This rectangle resembles a Karnaugh map, and is, in fact, a Karnaugh
map, possibly with some adjacent cells combined. The representation suggested allows the possibility of
listing a huge number of particular solutions within a very small space. The reason of this possibility is that
an arbitrarily-selected contribution of a particular atom can be combined with any of the possible
contributions of each of the other atoms. The combination via the additive (ORing) operation is simple and
straightforward.

The methods presented herein could be cast in pure algebraic form [8,11,12], but become much easier to
visualize and comprehend when presented via the natural map of a big Boolean algebra, which (for historical
reasons) is called the Variable-Entered Karnaugh Map (VEKM) [9-11,15-19]. A Boolean function of n
variables has 2n VEKM representations (depending on the choice of map and entered variables) ranging
from a Conventional Karnaugh Map (CKM) which is a VEKM of n map variables and 0 entered variables, to
a purely-algebraic expression which is a VEKM of 0 map variables and n entered variables [15]. The VEKM
methods therefore include purely-algebraic methods as a special case [11,12]. Hence, they can always take
full advantage of the results provided by the algebraic theory. Moreover, they have a better control on the
minimality of pertinent function representations.

The organization of the remainder of this paper is as follows. Section 2 gives a detailed description of both
the conventional and novel methods for deriving parametric solutions of ‘big’ Boolean equations. The
section starts by pointing out the unavoidability of ‘big’ Boolean algebras, and then it outlines the derivation
of parametric solutions before detailing ways of generating all particular solutions from them. Features of
the new method are demonstrated via three examples over the ‘big’ Boolean algebras B,, B;4, and B,ss. The
first example demonstrates the utility of the natural map (VEKM) of B, for expressing and complementing a
4-variable function and for producing the auxiliary function needed in deriving parametric solutions and
subsequently in generating all particular solutions. The second example demonstrates the incremental
generation of solutions of a certain equation in terms of those of another related equation. The third example
lists a huge set of particular solutions (that umber slightly less than one million solutions) in a very compact
space. The example also relates the individual solution of two separate equations to the joint solutions of the
two equations combined as a system of equations. Section 4 concludes the paper.
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2 Steps of the Method

2.1 Derivation of parametric solutions

We seek solutions of the Boolean equation
9gX,z) =1, 6]

where g(X,Z): Bs*™ - B,, is a two-valued Boolean function of k two-valued variables X = [X; X, ... X;]”
and n two-valued variables Z = [Z,Z, ... Z,]7. However, we do not need a listing of binary solutions for X
and Z, but instead we want to express Z in terms of X. This is a prominent case when the use of ‘big’
Boolean algebras (ones other than the two-valued algebras) is unavoidable. We view g(X,Z) as g(X; Z) or
simply g(Z) and rewrite (1) as

9(2) =1, (1a)

where g(Z): Blx = Bk, and B,« is the free Boolean algebra FB(X;, X, ....... X)) with K = 2¥ atoms and
2K elements [1,19]. Now we express g(Z) by its Minterm Canonical Form (MCF) [1].

9Z) = Vaefoyn gA)ZA. )
For = [Z,Z, ... Z,]" € Bjx,A=[a1a;,... a,]" € {0,1}", the symbol Z* is defined as

ZA = 7,17, ... 7, (3)
where Z;%takes the value Z; (complemented literal) if a; = 0, and takes the value Z; (uncomplemented

literal) if a; = 1. For A € {0, 1}", the symbol Z“ spans the minterms of Z, which are the 2™ elementary or
primitive products

72y . ZynaZms 2123 v ZnaZms v ZsZy e ZyerZo. @)

The constant values g(A) in equation (2) are elements of B,x called the discriminants of g(Z) [1]. These
discriminants are the entries of the natural map of g(Z) which has an input domain {0, 1}"gB;K. The
Boolean algebra B,k = FB(X;,X, ....... X)), has generators X; (1 < i < k) which look like variables (In
fact, they were originally our input variables before we changed their roles to generators). Therefore, we can
accept the name assigned (for historical reasons) to the natural map of g(Z), namely the name of the
Variable-Entered Karnaugh Map (VEKM). We now observe that the minterms of X , which are the 2¥ = K
elementary or primitive products

XXy o Xpoa X XiXo o XeeaXies - XoXo oo X Xees (5)

are exactly the atoms of the underlying Boolean algebra. For convenience, we call these atoms T; (0 < { <
(K — 1)), and hence g(A) can be written as

9(A) =Vist (A AT;), (6)

where we use the symbol e;(A) to denote an indicator of the event that atom T; appears in the expression of
g(4),ie.,

1, ifT; - g(4)
0, otherwise

eia) = | }= gy, ™)
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where the symbol ("/g) = (r)¢-; denotes the Boolean quotient of 7 by s [4]. Equation (7) means that e;(4)
indicates whether atom T; appears in the cell A of the natural map for g(Z). Now, we define n; as the total
number of actual appearances of T; in the expression (6) for g(4), i.e.,

n; = Ya e{o,1}" €; (4). (8)

The total number Ny ongitionar ©f unconditional particular solutions of (1a) over B, (as it is) is given by

— K-1
Nunconditional - Hi:o n;. (9)

This number is zero if some n; = 0, i.e., if an atom T; never makes its way to any expression g(A) where
A €{0,1}" (i.e., if T; does not appear in any cell of the map for g(Z)). To avoid such a situation, one must
insist on the consistency condition that any atom T; such that n; = 0 must be forbidden or nullified [2,19].
This means that the underlying Boolean algebra loses these atoms and hence collapses to a smaller algebra,
i.e., to one of its strict sub algebras. The number of solutions over this new Boolean algebra is

Neonaitionat = I§=_01 n;. (10
n;#0
Now we introduce a set of parameters p; (0 < i < (K — 1), n; # 0) to construct an orthonormal set of
tags to attach to instances of appearances of the asserted atom T; in the discriminants g(A) (i.e., in the cells
A € {0,1}" of the natural map of g(Z)). The number of parameters for atom T; (the length of vector p;) is
given by

l(p;)) = Nognyl, 0<i < (K-1),n;#0. (1D

Here, [x] denotes the ceiling of the real number x, i.e., the smallest integer greater than or equal to x. The
parameters p; can be used to generate a set of n; < 2! orthonormal tags {t;,t, ... £y}, such that

t1Vt2V...V tni = 1, (123)
tj, At, =0 Vinj. €{1,2,.., n3}. (12b)

We now consider the simple case of n; = 2!®9 | specifically when n; = 8 and I(p;) = 3. Fig. 1(a)
demonstrates how a Karnaugh map of three variables p,, p,, and p; can be conveniently used to construct an
element orthonormal set which consists of minterms over {p;, p,, p3}, namely

{ D1D2P3> D1D2P3> P1P2P3> P1P2P3> P1D2P3, P1P2P3> P1P2P3» P1P2D3)- (13)

The specific value of this set is shown for each of the map cells in Fig. 1(a) in a vivid illustration of the
concept of orthonormality given by (12). Now we consider the case 2!®)~1 < n; < 2!®9_ Fig. 1(b) and 1(c)
demonstrate the case n; =5, for which I[(p;) =3. We have many possibilities for constructing an
orthonormal set. Two notable examples are shown in Fig. 1(b) and 1(c) and represent, respectively the two
orthonormal sets.

{ D1, P1P2D3> P1P2P3> P1P2P3> P1P2P3}- (14

{ D1D2, P1P2, P1D2, P1P2D3> DP1D2D3}- (15)

When each appearance of an atom T; is tagged by a particular member of its orthonormal set of tags, an
auxiliary function G(Z,p;)(0 < i < (K — 1), n; # 0) results. The parametric solution is now given by
[1,18-23].
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Zl = V{AE{O,I}"|AI =1} G(A, p,_) 1<1 < n, (O <i< (K - 1), n; # 0) (16)
The total number of parameters used in (16) is given by

E= 3 Up) = ZE(loga(n)] an

The conventional method is to select the parameter vectors from a shared pool of parameters so as to
minimize the number of parameters used, which then becomes

E' = max I(p;) = max[logzn;]1 = [log, (max;n;)]. (13)

However, parameters used must then belong to the underlying Boolean algebra (possibly collapsed due to
the consistency condition). We now propose to use independent parameters p; for each atom T; (0 < i <
K — 1, n; # 0). The expressions (16) will not be as compact as they are in the conventional case, but the
independent parameters p; now belong to the two-valued Boolean algebra B, [2,19], a fact that facilitates the
generation of all particular solutions as we will see shortly in the next subsection.

P1
{1,0,0,0,0,0,0,0} {0,0,1,0,0,0,0,0} {0,0,0,0,0,0,1,0} {0,0,0,0,1,0,0,0}
{0,1,0,0,0,0,0,0} {0,0,0,1,0,0,0,0} {0,0,0,0,0,0,0,1} {0,0,0,0,0,1,0,0} P3
]
P2
@)
P1
{0,0,0,1,0} {0,1,0,0,0}
{1,0,0,0,0}
{0,0,0,0,1} {0,0,1,0,0}
Ps3
P2
(b)
Pi
{0,0,0,1,0}
{1,0,0,0,0} {0,1,0,0,0} {0,0,1,0,0} ﬂ
{0,0,0,0,1}
P3
_|
P2
(©

Fig. 1. Use of Karnaugh-map and Karnaugh-map like structures to construct orthonormal sets of tags



Rushdi and Ahmad; BJMCS, 22(6): 1-18, 2017, Article no.BJMCS.33884

2.2 Listing of all particular solutions

The parametric solutions (16) can be used to generate all particular solutions through the use of an expansion
tree [2,11,18,19]. Generally, in the conventional method, this expansion tree is a complete tree that entails

the assignment of 2K values to each of E' parameters where K’ < K is the final number of atoms of the
underlying Boolean algebra (possibly after some collapse due to the consistency condition). Each parent
node has 2 children nodes and the tree has E’ levels beyond its root. Therefore, the tree has (25 )f =
2KE leaves. These leaves constitute the whole set of particular solutions, possibly with repetitions.
However, to avoid repetitions, we make sure, right from the first expansion level, to combine any sibling
nodes that share the same solution value. With this kind of combining, the tree ceases to be a complete one,
and its leaves become exactly the particular solutions, i.e., without repetitions [11].

In the method proposed herein, a complete version of the expansion tree requires the assignment of binary
values {0,1} to each of E independent parameters. Since the complete binary tree has E levels beyond its
root, it has 2F leaves. With merging of sibling nodes of equal solution values, the tree is no longer complete,
and its leaves are just the particular solutions without repetitions. The size of the expansion tree in the
proposed method is typically less than that in the conventional method since typically E < K'E’ (though
E > E). However, the true advantage of the proposed method is that it allows us to avoid the use of an
expansion tree altogether. The key of this is the observation that the parametric solution (16) can be
rewritten as the weighted sum of the atoms T; that appear in the discriminants g(A) (as expressed in (6)) of
the function g(Z), viz.

Z =VEZ5 (Co(THAT;), (19)

n;#0

where we call the vector Co(T;) the ‘contribution’ of the asserted atom T; and call the conjunction (Co(T;) A
T; ) the ‘total contribution’ of that atom. We now note that Co(T;) {or Co(T;) A T;} has exactly n; possible
values, which can be conveniently listed via the same Karnaugh-map-like structure used in the
representation of the associated tags. Therefore, we interpret (19) as a method of conveniently listing all
particular solutions as a disjunction of total contributions of asserted atoms T;, where the total contribution is
given in all its n; possibilities. To obtain a specific particular solution, one has simply to pick up arbitrarily
one of the possibilities of the total contribution for every atom, and then add the selected total contributions
together. The total number of particular solutions obtained this way agrees with that given by (10).

2.3 Picking up a particular solution of specific features

Equation (19) is of a paramount importance, as it provides a listing of a (possibly huge) number of all
particular solutions in a compact space. As such, it allows picking up certain solutions enjoying particular
desirable features simply by a quick inspection of the aforementioned listing. This point will be clarified
further by way of examples in the next section.

3 Examples

In the following, we illustrate the method of Sec. 2 via three detailed examples. The first example applies
our novel method to a 4-variable problem over B,. The second example considers two related problems over
Bie, solves the second incrementally in terms of the solution of the first, and further solves the inverse
problem for one of them over B,54. The third example tackles the solutions of two equations over B,5, when
taken separately or collectively.

3.1 Example 1

Consider the Boolean function f(a; Xy, X5, X3, X4):Bf = B,,whereB, = FB(a) = {0,a,a,1}. A solution
of the equation (f = 0) expresses the dependent variable vector X = [X; X, X3 X4]7in terms of the
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independent variable a (used herein as a generator of B,). Suppose f is given by the product-of-sums (pos)
expression

f=(avX)(aVvX)(aVX)(X VLX) (20)
We construct the natural map (VEKM) for f by noting that f is given by [13]
f=(0VvCo(0)(av Co(a)), €2y

where Co'(0) and Co'(a) are called the dual or conjunctive contributions of alterms 0 and a, respectively,
and are presented by the Conventional Karnaugh Maps (CKMs) in Fig. 2(a) and 2(b). These two figures are
used to produce a natural map for f in Fig. 2(c). The entries of this map are then complemented in Fig. 2(d)
to obtain the inverse g = f of f, so that our problem becomes to solve {g = 1}. Since the entry 1 stands for
(a Vv a), Fig. 2(d) shows that the two atoms a and @ of B, appear 4 and 15 times, respectively, in the natural
map for g. This means that the consistency condition for the Boolean equation {g = 1} is the identity {0 =
0} and the number of particular solutions is 4*15 = 60. The instances of appearances of a needs 15
orthonormal tags which are defined in terms of four parameters pq,p,, p3, and p, as shown in Fig. 3(a).
Likewise, Fig. 3(a) uses two additional parameters pg and pg to define 4 orthonormal tags to be associated
with the instances of appearances of atom a. Fig. 3(b) shows the auxiliary function G(a, X,p) for this
example. The parametric solution for {f = 0} or {g = 1} is given by

X p1 1
.01 . P2 1
.| =@ Ds Va [psl. (22)
X, Ps(P1 VD2V P3 Ps

The parametric solution (22) leads to the compact listing of all 60 particular solutions as follows:

7]

w

01 | 01 | ray1 | raj
0 a a a
0 0 0 a
Lo | Lol | Lod | Lod | (ps_\
01 | 07 | ra1 | raj a al
4 ol | |a| | [a| | |o al | |a
X2 _ 0 0 0 0 0 a
X _pa L lad L oa L oa | opy \/ 0 -0 23)
X, 107 ra] | [a a a
0 a 0 a a
a 0 a a 0 a Pe
po Lol | [o] [al | L | | J | Lol ]|
0 a [a] [a]
0] 0 a 0
a a a
— | lo o] | Lol

F
il

P2

Equation (23) shows that there are 15 possibilities of total contributions (a Co'(@)) of @, exhausting all 16
combinations of 4 tuples belonging each to either 0 or @, with the sole exception of [0 @ & @a]. There
are also 4 possibilities of total contribution (aCo(a)) of a, which are one quarter of the 16 combinations of
the 4 tuples belonging each to either 0 or a. A particular solution is obtained by ORing an arbitrarily selected
possibility of (@Co(a)) with an arbitrarily selected possibility of (a Co(a)). For example, one might
implement the ORing operation of [@a @ a a]” with [a a a a]”, to produce the solution
[1 1 1 1]7, which can be immediately verified to produce a value of 0 for f in (20).
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X
\’_‘_\
! ]
1 1 L0 1
1 1 Lo 1 ‘
L
r 1 1 Lo 1
Xy ! .
L 1 1 0 1
X5
(a) Co'(0)
X,
a a 0 a
a a 0 a
{ a 1 0 a
06 -
l J a a 0 a
Xy

(c) f=(0VvCo(0))(aV Co'(a))

i ¥, ke
I e R E R ARl tehls EETERN
o 0 0 0/ .
: i
i\ 0 0 0 0
0 1 1 0
[ o 0 0 0|
L 1 |
¥
(b) Co'(a)
7
a a 1 a
a a 1 a
| a 0 1 a
‘XS
| a a 1 a
X,
dg=f

Fig. 2. Construction of the function f in Example 1 in terms of the conjunctive contributions Co’(a)
and Co’(0), and derivation of its inverse g via cellwise complementation

h o [ h| — bk

RN RN
’ h : -

k k| & A
kT § 13

b | &

h
(a)

X
aty
at aFs a¥;3 v %y
any
a, 0 | akgv | aEy
at
an
X,
(b) G(a,X,p)

Fig. 3. Definition of sets of orthonormal tags for atoms a and a in Example 1. Here, for example, T,
stands for p1p,p3, T1o depicts p1P2P3P4, While 1, equals pspg. This definition results in the auxiliary
function in (b)
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3.2 Example 2

This example has two related versions that are very popular in the literature of Boolean equations. The first
version was solved by Brown [2] and Rushdi and Amashah [18], while the second version was solved
(repeatedly) by Brown [1,2] and then by Rushdi [9, 10], Rudeanu [8], and Rushdi and Amashah [19]. The
first version deals with the solution of g; (X, X,, X3) = 1, where

is a Boolean function g = B3, » B¢, where B;, = FB(Y,,Y,) is a Boolean carrier of 16 elements
constituting the switching functions of two variables Y; and Y,. Though our equation is formulated on a big
Boolean algebra, it could be thought of as one of expressing three dependent variables X;, X, and X5 in terms
of two independent switching variables Y; and Y,. Fig. 4(a) represents the natural map (VEKM) for g;. The
three atoms ¥, Y,, Y,Y,, and Y; ¥, make their appearances 3, 3, and 4 times in the 8 cells of the map of Fig.
4(a), while atom Y, Y, is never entered in that map. Therefore, the number of particular solutions of the
equation g; = 1, is 3*3*4 = 36, and the consistency condition is ¥; Y, = 0. The three asserted atoms demand
the use of the three sets of parameters {p;, p,}, {P3, P4}, and {ps, P}, SO as to produce the three orthonormal
sets of tags {p;, P1P2, P1D2}, {P3, D3P, D3P}, and {Psps, PsPe PsPs PsPs}, of cardinalities 3,3, and 4
respectively. The various tags are associated with the respective atoms to construct the auxiliary function
G, (X1, X2, X35 D1, P2, P3, Par P, Ps) shown in Fig. 4(b). The set of parametric solutions is given by

X1 [PV 0 _[PsPe VPspe]  [d(HiY2)
X|= N ;v 1?1?22 V1Y, [p3 VPsps| V1Y, 0 Vv d1Yz) (25)
X3 P1V Pib: Ps PsPs V Psbel  |d(1,Y,)

and could be translated into a form listing all 36 solutions, namely

[ P1‘] [ P3—] {_op?_]

0 0 0
))§1 ~ [_0_] . 0 0 0 B (26)
2[= ny, nhl|v —10 0 v — 0! yﬂ_’zz v d(¥1Y,)
X3 Y, 7,7, 0 nY, Ny, Y, Y, d(1,Y,)
b2 | 1Y, v, Y, Pa n' N Pe 0 0 d(11Y;)
Lto |0 Ll to Y, %,

Now, we consider the second version of our current problem which is {g, = 1}, where g, is specified by Fig.
4 of Rushdi and Amashah [19], reproduced here, for convenience, as Fig. 5. A quick visual comparison of
the natural maps g; (Fig. 4(a)) and g, (Fig. 5) shows that the two maps are identical except for an extra
entry Y, Y, in the X;X,X, cell of the map of g,, i.e., g, is related to g, via the relation

92 = 91 VLK XX, 27

The atoms Y, Y, Y;Y,, Y, ¥, and ¥, Y, now appear 3, 3, 5, and 0 times respectively in the cells of the map in
Fig. 5. Hence the equation {g, = 1} again has the consistency condition {¥;Y¥, = 0}, but its number of
particular solutions is now 3*3*5 = 45. Note that the two functions g, and g, match with the single
exception that the latter function has an extra instance of appearance of atom Y; ¥, in the natural map of the
function. Hence, the set of solutions of {g, = 1} is a strict superset for the set of solutions of {g; = 1}. The
remaining 9 solutions of {g, = 1} are the solutions of the equation {g; = 1} where g5 is specified by the
natural map in Fig. 6(a). That map has a single instance of appearance of the atom Y; Y, in the cell X3X,X;,
and the same appearances of the atoms ¥, ¥, and Y;Y, as in either of Figs. 4(a) or 5. We now proceed to
solve {g, = 1} incrementally by observing that the 36 solutions of {g; = 1} in (26) are also solutions of
{g> = 1}, and that the remaining 9 solutions of {g, = 1} are simply the solutions of {g; = 1}. To solve
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{g3 = 1}, we use an orthonormal tag of (1) for the sole appearance of Y;¥, and use the same sets of
parameters and tags previously used in Fig. 4(b) to obtain the auxiliary function G;(X;, X5, X3; D1, D2, P3, Pa)-
The parametric solutions of {g; = 1}.are now given by

X1 _ [PV DPip2 0 [t d(l:/le)
X|= N pV 131122] vy, [P3 v 531’4] vy (1| v([d( ) (28)
X3 p1V Pip; P3 ol [d,Y,)

Note that the Eq. (28) can be obtained from (5) by simply changing the contribution of atom Y;¥, (to
represent its new single instance), while keeping all other terms intact. Equation (28) produces the following
set of 9 particular solutions for {g; = 1}.

{— pl—‘ f_ pS_‘

X 0 l 0
1 _O_ 171 1?2 Ol
ﬁz— - nell ey, | v 0 01|V [l |v |[dfYr) (29)
’ bl |y, 01||ht ny, eAD)
P2 | 1,1, Pa | |Nat2| | Y, 0 d(11Y)
LiLo 0

The union of the set of 36 particular solutions in (25) and the set of 9 particular solutions in (29) constitutes
the set of 45 particular solutions of {g, = 1}. This is in agreement with earlier listings obtained via
subsumptive solutions in [10] or via conventional parametric solutions in [19].

hEVhE, bl b hE VA, Wpspsv | NGBy | Wlpsv | BhBpv
1 Ypspe V dt¥,) d(hly) Y Ypspe v
_ - _ dh) AN
ht, i 1A% ht X o= 5= o 7 1
: Whpspev | WhpipV | Ry | Bhpssv | H
d(h 1) k) d(%,1,) d(h¥) ,‘
X, X
2

(@) g3(X3,X3,Xq)

(b) G3(X3,X3,X1; P1,P2, D3, Pa Ps, D)

Fig. 4. Natural maps for the function g, of Example 2 and its associated auxiliary function G,

Fig. 5. The natural map for the function g, in Example 2

X3
Yl Y2 \% Yl }72 Yl Y2 Yl YZ Yl Yz \% }_’1 Yz
i - . N
y'l YZ Yl }2 \ Y1 Y2 Yl YZ Yl YZ Xl
|
t —
Xy
9:(X)
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1, ]

K Ik i) K hhpsdy | WPy hbps )

0 g i, 0 & 0 m_f(l) Vo iy i k&
NN
A 5
(@ g3(X3,X3,Xq) (b) G3(X3,X2,X1; P1, P2, D3, P4)

Fig. 6. Natural maps for the function g3 and its associated auxiliary function gz in Example 2

Now, we consider the inverse problem of solving {g; = 1} to express Y in terms of X. We view g, as
g1 = B2 > By, where Bysg = FB(X,,X,,X3), and represent g, by the natural map in Fig. 7(a). The
atoms of Bysg are Ty = X1 X,X3, T1 = X1 XX, Ty = X1 XXz, Ts= X XoXs, To=XX,X;, Ts=
XX X3, Ts = X, X,X5,and T, = X, X,X;. Their appearances as entries in the natural map of g, in Fig. 7(a)
are 2,2, 1, 1, 1, 1, 2, and 1 respectively. Hence, the consistency condition is the identity {0=0} and the
number of particular solutions is 23 = 8. The atoms Ty, T;, and Ty need the two element sets of tags (py , Po),
(p1 . p1) and (Pg , Pg), While each of the remaining atoms have a single-element set of tag (1), each. The
auxiliary function G; is shown in Fig. 7(b), with the parametric solutions given by

Yl] _ [To VT, VT3 VT, VTs VTip, V Tépé] (30)
and the set of eight particular solutions is listed by
0 0 0
yl] B [o] [0] [0 [)_(1)_(3 VX1X5 VX4 (31)
- \% —— \% —V X
Y; r [_ 0 ~ [X1X2X3 ™ [X1X2X3 X1X2
Do X1 X2X3) py 0 Pe 0
Lt L —
h
h
— | — Ty Tofy
X1XZV X1X2X3 X1XZVXZX3 T(,ﬁ(, T1p1
(1) T,(1)
— (1)
0 X1X2 VX1X3 YZ T6p6
J Toy W
0 T, h
(1) |
@ g1(YyYy) (b) G1(Y1,Y3; Po, P1, P6)

Fig. 7. The natural map for the function g, of Example 2, now viewed as a function of Y; and Y, in
terms of X, X,, and X3, together with the associated auxiliary function G,
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3.3 Example 3

Suppose we want to solve the system of Boolean equations
XvYVvZ=aVvbveg, (32a)
XvYvZ=avbve. (32b)

for the dependent two-valued Boolean variables X, Y, and Z in terms of the independent two-valued Boolean
variables a, b, and c. An obvious solution is one that assigns to the ordered set {X, Y, Z} the value {a, b, c}
or any of its 6 permutations. We will find shortly that other solutions exist and that the number of solutions
is a huge one, indeed. We now treat the independent variables as generators of the free Boolean algebra
B,s¢ = FB(a, b, c), which has 256 elements that represent the two-valued Boolean functions of the 3
variables a, b, and c. Clearly, this Boolean algebra has 8 atoms, viz., Ty = abc, T, = abc, T, = abc,
T, = abc, T, = abé, Ts = abc, Ty = abc, and T, = abc. The above system of equations reduces to a
single equation of the form

9.V, = (XvVYVZ O (avbve) A(RvIVD O (avbve)) =1, (33)

where g.(X,Y,Z) : B3sc — B,ss. We represent g,(X,Y, Z) by its natural map in Fig. 8. The discriminants of
g:(X,Y,Z) entered in the map cells of Fig. 8 are obtained by noting that

00 (avbvc)= (avbvc)= abe,forX=Y=27Z=0, (34a)
1O (avbvc)= (aVvbVc), otherwise. (34b)

Fig. 9 is a replication of Fig. 8 with map entries given as minterm expansions, i.e., as disjunctions of the
atoms of the underlying Boolean algebra. We note immediately that no atom failed to appear in Fig. 9,
thereby resulting in the consistency condition becoming an identity (0 = 0) and leaving the underlying
Boolean algebra intact. Each of the two atoms T, = a@bé and T, = abc appears once, while each of the six
atoms T, = abc, T, = abé, T; = abc, T, = abé, Ts = abc, and Tg = ab¢ appears six times. The total
number of particular solutions is given (according to (9) or (10)) by

N, = (1)% % (6)° = 46656. (35)
It is now our task to display this large number of solutions economically. First, we construct the auxiliary

function G(X,Y,Z;p1,02, 03, PaPs, D) » Where each of the six vectors of parameters p; =
[Pn Piz Pis]"(1 < i < 6)is used to produce an orthonormal set of six tags

{ri1D2s DitPiz» PubizPiz> PuiPizPi3» PubizPiz> PuPebia)- (36)

The solution in vector form is

X T; V Vi1 Ti(puPiz V PuPiz V PaPizPiz)
Y| = |T7V Vi Ti(PaPapis V PaPiPs V PuPizPis) (37
VA

T, VVi1 Ti(puPiz V PubPepiz V PuPubi)

The following equation (38) displays all 46656 particular solutions of the system (25) as a disjunction of
possible contributions of atoms T; (1 < i < 7).
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Pi1
0 0 |
; o
— 6 T; T; T.
Y Viz1 0 0] \/ TZ] (39)
Z 0 T; T; 0 T,
[Ti] [Ti
Pi3 T; 0
L
Di2

Table 1 demonstrates a few samples of the particular solutions that can be obtained via (38). The first of
these is the obvious solution.

X
Y
A

a
- |¢] (39)
c

Each of the solutions in Table 1 can be easily shown to satisfy each of the separate equations (32a) and
(32b), or equivalently to satisfy the combined equation (33). The fact that each of these equations is invariant
to a permutation of {a,b,c} or of {X, Y,Z}is reflected on a similar invariance for the set of particular
solutions in equations (37) or (38). This means that if a permutation of {a,b,c} or a permutation of
{X, Y,Z} is applied to any particular solution, then it remains a particular solution (albeit possibly a
different one).

In passing, we note that the number of particular solutions of each of the individual equations (32a) and
(32b) is given by

n= (1)? = (7)7 = 823543, i=1,2, (40)

i.e., it is about 17.65 times the number of solutions of the system of equations (38). The following equation
(41) displays all 823543 particular solutions of the equation (32a) as a disjunction of possible contributions

ofatoms T; (1 <i < 7).
[ Pi1 )

0 101 T,
X 0 T; 0
T, [0 0]
= V7_ '
Y i=1 | . (1)
Z 0 [T;] 0 1T
Pz |L ol | M| |T
T; [0 | T;]
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Similarly, The following equation (42) displays all 823543 particular solutions of the system (32b) as a
disjunction of possible contributions of atoms T; (1 <i < 7).

{_ Pi1 _\
X 6 0 0 T,
— 0 T, 0
Y Vi=0 [T,] 0 0 T,
T, T.
z 11— [l
Tk
0 T, 0
Pi3 T, T, [0]
L T; 0 0

.,

The intersection of the set of solutions in Equation (41) with the set of solutions in Equation (42) is the set of
solutions in Equation (38). In fact, the set of solutions in Equation (38) do not contain a contribution of T
and must contain a contribution (to each variable) of T,. This means that this set is the intersection of the
(6)7 = 117649 solutions in Fig. 6 that has a contribution of T, of the form [T, T, T,]7, with the (6)”
solutions in Equation (42) that have zero contribution of T, of the form [0 0 0]7. When we add the
restriction that solutions of the form [T; T; T;]for1l <i < 6in Equation (41) should be excluded, we
retain only the 46656 solutions in Equation (38). Likewise when we add the restriction that no contribution
of T; for (1 < i < 6) in Equation (42) should be of the form [0 0 0]7, we again retain only the 46656
solutions in Equation (38). Since the two sets of solutions in Equation (41) and (42) are now restricted to
match the set in Equation (38), their intersection is also equal to this set.

Before closing this example, we include its general subsumptive solution, obtained in the most compact form
via the don’t-care method [13,15]. This solution includes the consistency condition (0 = 0) together with the
subsumptive relations

abc < Z < (avbvo), (43a)
abc <Y < (avbve), (43b)
abcv(avbvc)YZ< X < abcv(avbvce)(YvZ). (43c)

which might be rewritten in terms of atoms T;(0 < i < 7) as follows

T, < Z < (Vi.aTy), (44a)
T, <Y < (V1 T}), (44b)
T,v(VLiT)YZ < X <T,v (VL T;)(YVZ). (44c)

A straightforward (albeit lengthy) analysis shows that (44) is in exact agreement with Equation (38).
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Table 1. Samples of the particular solutions of Example 1

Selected total contribution of atom T; (0 <i <7) Particular
T, T, = T, = T, T, Ts T, T, solutions
= abt abc abc =abc =ab¢ =abc =abt =abc
[0] 107 [0] (07 [T, ] (T5] T (T [a
0 0 T, T, 0 0 T, T, b]
L0 | T, ] L0 | T, ] L0 [T ] 0 [T ] -
[0] [0 ] (07 107 [0 ] 1017 0 i abc
0 0 0 0 0 0 0 T, abc
10} | T; | [T, ] | T ] T, ] | T ] [ T ] T ] la Vb Vc
[0] 107 07 (07 107 1017 (07 3 [ abc
0 T, T, Ts T, Ts T T, aVbVc
L0 | T, ] T, | T5 ] | T, ] [T | Te | T, ] la Vb Ve
[0] [T, ] 0 [T5] 107 07 0 i [ac V bc
0 0 T, 0 0 0 T T, bcv ab
10 1 0] L0 ] L 0 | | T, ] LT ] 0 | T, ] lab V ac
[0] [T, ] A [T5] 107 [0 ] 0 i [ab Vv acV bc
0 T; 0 0 T, Ts 0 T, abV bcVac
L0} 1 0 LT, | L0 | T, L0 | T | | T, ] lac vV bC V ab
[0] 107 107 T3] [0 ] [T5] [T ] i [ab V bc V ac
0 0 0 Ts 0 Ts Ts T, ab V bc Vac
L0 ¥ LT, ] [ 0 T, ] 0 L 0 T, ] Ll a @b Pc
[0] [T, ] [T, ] [T5] 107 0 107 i [ab Vv acV bc
0 0 0 0 0 0 0 T, abc
L0 10 0 [ 0 | T, ] | T ] | T | T ] ] a
[0] [T, ] T, [T5] 107 1017 (07 i3 [abV acV bc
0 T, T, Ts T, Ts Ts T, avbVc
L0 L0 0 L 0 | T, ] LT ] [T, Wi a
X
abc(avb ve) (avbve)(avhb ve)
(avbveao)(avb ve) (avbve)(avhb ve)
z
(avbve)(avhb ve) (avb vVvcabc
Y
(avbve)(avb ve) (avb vce)(avhb ve)
gt(X’ YI Z)

Fig. 8. The natural map for g,(X,Y, Z) in (33)
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X
abc abcvabcvabcev
abcvabcvabc
abcvabévabcv abcvabévabcv
abécvabcvabc abécvabcvabe
z
dE_cV&b_EV&ch abc
abcvabcvabc
Y
abcvabévabcv abcvabévabcv
abcvabcvabcé abécvabcvabe

gt(X, Y, Z)

Fig. 9. The map in Fig. 8 with its entries given as minterm expansions (disjunctions of the atoms of the
underlying Boolean algebra)

To(1 6
o) \/ilei(pilp_iz)

6 6
\V  rearere VARG
i=1 i=1

6 _ T(1)
\/_ 1Ti(pi1 pizpi3)
i=

6 6
\/._ Ti(Pyy Pi2P3) \/._ Ti(Py Py Pi3)
i=1 i=1

G,(X,Y,Z;p1,P2 D3, P4 P5 Pe)

Fig. 10. The auxiliary function for Example 3
4 Conclusions

In this paper we introduced a novel method for listing all the particular solutions of a system of ‘big’
Boolean equations. The method needs a very compact space even when the number of particular solutions is
very large. Such a compact listing is helpful in selecting certain particular solutions of desirable features.
The reason why such a compact listing is possible was the expression of particular solutions as the sum
(ORing) of certain contributions of asserted atoms of the underlying Boolean algebra, which appear in the
discriminants of the pertinent Boolean function.
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The paper reiterates a thesis endorsed by Brown [1,2] that the use of ‘big’ Boolean algebras is unavoidable.
This unavoidability is definitely manifested in prominent engineering applications. For example, the paper
considers the case of digital design in which it is desirable to solve for some output variables in terms of
some input variables. Though both input and output variables are actually switching variables (two-valued
Boolean variables), the case is handed by treating the input variables as generators of a ‘big’ Boolean
algebra, and handling the output variables as elements belonging to the carrier of this Boolean algebra.

The paper strives to make the solution of ‘big’ Boolean equations easily accessible to a wider audience of
practitioners. Therefore, it demonstrates its method via a variety of examples that not only illustrate its
mathematical steps but also unravel many of the associated subtle, intricate, or occasionally unclear concepts
including the reduction of a system of equations to a single equation, the relation between the solution of
this single equation and the solutions of the original equations, the complementation of a Boolean function
to obtain its inverse, the collapse of a ‘big’ Boolean algebra to one of its sub algebras due to the consistency
condition, the incremental solution of an equation in terms of a related one, and the exact agreement between
solutions obtained via parametric and subsumptive methods.
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