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Abstract

We establish an inequality of a weight coefficient by introducing a parameter A\ and using the
Euler-Maclaurin expansion. Using this inequality, we derive a reverse of the Hilbert’s type
inequality. As an applications, an equivalent form is obtained.
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1 Introduction and Main Result
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where the constant 7 and pq is best possible for each inequality respectively. Inequality (1.1) is

Hardy-Hilbert’s mequahty. Inequality (1.2) is a Hilbert’s type inequality [1].

In [2], Yang gave a reinforcement of inequality (1.1):
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In [3], [4] and [5], Krnic, Pecaric and Yang gave some generalization and reinforcement of inequality
(1.1). In [6], Kuang and Debnath gave a reinforcement of inequality (1.2):
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where K)()\) m > 0 2 — I’IllIl{p7 } )\ < 2.
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For the reverse Hardy-Hilbert’s inequality, Yang [9] gave a reverse form of inequalities (1.3). In [10]
, Xi and Wang gave a reverse Hilbert’s type inequality:
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In this paper, by introducing a parameter A and using the Euler-Maclaurin expansion, we establish
an inequality of a weight coefficient. Using this inequality, we derive a reverse of the Hilbert’s
type inequality (1.5) and a generalization of inequalities (1.7). The main result of this paper is the
following inequality.

o0

Theorem 1. [f0<p<1, 241 = 1,A> 1,0, >0, b, > 0and0 < 3. a? < 00,0 < ¥ 152 < oo,
n=1 n=1
then
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Before we give the proof of the theorem, we need the following expression of the Euler-Maclaurin
(see [11])

/f )dz + 5 [f( /P1 z)dz, (1.9)

k= n+1
where f(z) € C'[0, o0), m,n € No(m > n), Ny is the set of non-negative integers, P;(x)(i = 1,2, ---)
are Bernoulli function (Pi(z) = = — [z] — 3). When Y32 f(k), [ f(z)dz are convergences, we
have

/Lf )da + = f /LP1 z)dz, (1.10)

and(see [9]) .
/ Pi(x = —gg(n)E(O <e<1), (1.11)

where g(z) € C'[0, o0),g'(x) < 0(or ¢'(z) > 0),z € [n,00), g(c0) = 0.

2 A Lemma

Lemma 1. Let N be the set of positive integers. The weight coefficient w(n) is defined by

o)

1
Then we have
A A—1)(A+2)
BT [ D <w(n,A) < EEeE (2.1)
Proof. Ifn € N,let f(z) = m, z €10, o0), we have
) £,z <n,
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and
0, r<n,
f(x) =
A
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By (1.10), we obtain
wln, ) = [ f@)de+ 30+ /mPl(w)f’(w)dw
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By (1.11), we have
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Since we find

P S SR SRS S S
(A=1n*1  2n*  8pitl " (A=1n 1 2nN’
A A= 1)\ +2) A

<w(n,A) < P

(A=1)nr-t 4n

Then we have (2.1). The lemma is proved.

3 The Proof and Application of Theorem

In this section, we use (2.1) to prove Theorem 1. As applications, an equivalent form is obtained.

Proof. By the reverse Holder ’s inequality [12], we have
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Since 0 < p < 1 and ¢ < 0, remove by (2.1), we obtain (1.8). Theorem 1 is proved.

Theorem 2. If0<p<1, +7_1 A>1,a, >0, b, >Oand0<2 A 1<c>o then

> () 3 ) > (521)'

m=1

{1 Q= i)/\(?;\ +2) n‘f’zl . (3.1)

1

Inequalities (3.1) and (1.8) are equivalent.

Proof. Let
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By (1.8), we have
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Hence we obtain (3.1).

On the other-hand, by the reverse Holder ’s inequality [12], we have
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From (3.1), it follows that
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Then, (3.1) and (1.8) are equivalent. Theorem 2 is proved.
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4 Conclusion

Inequality (1.2) is Hilberts type inequality, and is important in analysis and its application. Kuang
gave a strengthened version of (1.2); Yang considered a refinement of another Hilberts type inequality.
For the reverse Hardy-Hilbert’s inequality, Yang gave a reverse form of inequalities. Xi and Wang
gave a reverse Hilbert’s type inequality:

-

q

D Wbﬁlnz} > 2 {Z (1 - %) iag} g {Zl ibg] , (4.1)

By introducing a parameter A and using the Euler-Maclaurin expansion, we establish an inequality
of a weight coefficient. Using this inequality, we derive a reverse of the Hilbert’s type inequality
and is a generalization of inequalities (4.1).
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