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Abstract

We present a straightforward introduction to the unconditional integrability in the extended sense. We
state and proof useful necessary and sufficient conditions for unconditional integrability of complex or
real valued functions. As an application, we obtain a simpler direct proof of mildly extended version of
the Birkhoff’s pointwise ergodic theorem.
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1 Introduction

The notion of integration is undeniably of fundamental importance in analysis and its application. The
Lebesgue integral has been dominating the theory of integration since its introduction by Henri Lebesgue at
the beginning of the 20" century. New more efficient approach to integration has recently been introduced,
see for example [1-3] replacing many of the cumbersome manipulations of the Lebesgue integral with
simpler and concise arguments. This is due mainly by the non-dependency of the new integration theory on
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the measure theory. Such an approach has led to various extensions and easy proofs of the classical results
related to integration theory, see for example [4-7]. The main purpose of this paper is to give a thorough
study of the concept of unconditional integrability in the setting of the new approach to integration. We
obtain as an application an easy proof of a more general statement of the ergodic theorem.

Ergodic theory is the study of long term average behavior of systems evolving in time and related problems.
Vaguely speaking, the ergodic theorem asserts that in an ergodic dynamical system, the statistical (or time)
average is the same as the space average. The first result in this direction is the Poincaré recurrence theorem,
which claims that almost all points in any subset of the phase space eventually revisit the set. Various
ergodic theorems and their proofs have since been provided: [8-11]. Two of the most important ones are
those of Birkhoff and von Neumann that were proved almost at the same time in early 1930’s and which
assert the existence of a time average along each trajectory. While von Neumann’s result concerns L? -
convergence, and has a quick proof, Birkhoff’s theorem is about pointwise convergence, holds for any
function in L' and has proofs that all require hard analysis. The result we are interested in is the later
seemingly stronger ergodic theorem. We propose an ergodic theorem that is slightly more general than the
Birkhoff’s theorem. Our result is valid for any function that is not necessarily measurable but integrable in
an extended sense and for any ergodic transformation that is not measurable either.

The paper is organized as follows. Section 2 will be entirely devoted to a thorough review of the notion of
unconditional integrability. The concept of derivative of set functions as well as the notion of conditional
expectation are reviewed in Section 3. In Section 4, we introduce and study ergodicity in a slightly extended
setting and we show how the proof of the pointwise ergodic theorem is intrinsically related to the definition
of unconditional integrability.

2 Unconditional Integrability

Throughout this paper, Q will be an arbitrary nonempty set; 2 will denote the power set of Q, i.e. the set of
all subsets of Q, and y : £ € 22 — K (= R or C) is an integrator, that is, a set function defined on a semiring
¥ of subsets of Q, that satisfies the following properties:

L u®) = 0;
2. |u(A)] < |u(A v B)| < |u(A)| + |u(B)| for every pair 4,B € X.

We note that the above properties imply that an integrator is necessarily o-subadditive, that is

u(UAn> < ) lutay)|

nenN neN

for every sequence {4,} in 2.

In general, we require the set to be at least a semiring. The triplet (€, X, ) will be called an integrator
space. For example,

e IfYis ag-algebra and u is a measure on measurable space (€, X2), then the measure space (Q, X, 1)
is an integrator space.

e If u is an outer measure, then the triplet (€, 2%, 1) is an integrator space.

e If X is the set of all bounded intervals in R, and £ is the length function on X, then the triplet
(R, 2, ¢) is an integrator space.

The notion of a X, u-subpartition P of a set A € 2° is defined to be any finite collection of subsets of 4
elements of X satisfying
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1. Ju()] < woforalll €P;
2. INnJ =@ whenever I and J are different sets in P.

We denote by UP the subset of 4 obtained by taking the union of all elements of P. It is worth noticing that
UP is not necessarily equal to 4. A X, u-subpartition P is said to be tagged if for each I € P, a pointt; € I

is chosen. We say that P is unconditionally tagged if for each I € P the tagging point #; is not
necessarily an element of / but do belong to UP. We denote by I1(€Q, X, u) (respectively I1,, (2,2, 1)) the
collection of all tagged (respectively unconditionally tagged) X, u-subpartitions of the set 4. Clearly, we
have TI(Q, X, )il (2, 1).

The mesh or the norm of P € I1,,(Q, X, i) is defined to be
1Pl = max{|u(D)|: I € P}.

IfP,Q € M,(Q, X%, 1) we say that Q is a refinement of P and we write Q > P if ||Q|| < ||P]land U Q DU P.
It is readily seen that such a relation does not depend on the tagging points. It is also easy to see that the
relation is transitive on IT, (Q, X, u). If P, Q €I1,,(2, 2, 1), we denote

PvQ:={I\UQJ\UP,InJ:1€ P,] € Q}

Clearly, PV Q€ Il, (2,u), PV Q>Pand PV Q > Q. Thus, the relation has the upper bound
property on I1,, (Q, X, ). We then infer that the set [T, (Q, X, 1) is directed in the sense of Moore-Smith (as
described by McShane [12]) by the binary relation >.

Given a function f : Q — K, we associate the mapping fﬂ : I, (4,2,1) = K defined by

IFGEBWIONO)
Iep
o IfP € (4%, ), the sum f,(P) = ¥,ep f(t)u(l) is called the X, u-Riemann sum of f at P.
o IfP € I(AZ,u), the sum f,(P) = Yep f(t)u(l) is called the unconditional z,.-Riemann
sum of f at P.

Since I1,,(4, %, u) and I1(4, X, 1), are both directed by refinement >, the function fu is a net. We are now
ready to give our definition of integrability.

Definition 2.1. A function f : Q — K is said to be X, u-integrable, respectively unconditionally X, u-
integrable, over a subset A of Q if limgaz.um> f, =, fdu, respectively lime,azm> f, = [y fdu)
exists in K.

In other words, if for every € > 0, there exists Py € I1(4, X, 1), respectively Py € I1,,(4, X, 1), such that for
every P € I1(A, X, 1), respectively P € II,,(4,%,u), P > Py, we have

1,0 [ ra <e

We denote by I(4, X, 1), respectively I,,(4, 2, 1), the set of all functions f: Q — K that are X, u-integrable,
respectively unconditionally X, u-integrable, over a given subset 4 of Q. We infer that being defined as limit
operators, the two types of integral are both linear, and therefore the spaces I(4, X, 1) and I,,(4, X, u) are
both linear spaces. It is also clear that I,,(4, X, u) < I(4, 2, 1t). As expected, we shall see later that the inverse
inclusion is not necessarily true.
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We say that a function f is u-essentially equal on A to a function g and we write f ~ gifu({x € A:
f(x)#gx)}) = 0.1t is readily seen that the binary relation ~ is an equivalence relation either of
J(A, 2, 1) or 3, (A, X, 1). The quotient spaces J(4, %, 1)/~ and 7,,(4, ¥, i)/~ shall be respectively denoted
by I(A, %, 1) and I, (A, %, ). Tt is worth noticing that if A is a topological space, if £ is a o-algebra
containing the Borel sets of A, and if x4 is the Lebesgue measure on A, then I, (4,2, 1) = L*(4, %, 1), the
space of Lebesgue integrable functions over 4.

For everyf: Q — K, we define
o the X, u-variation of f over the set A to be
vars, (f,A): = sup{|f,(P)|: P € [1(4, %, W)};
o the unconditional X, u-variation of f over the set A to be
wvars,, (f,A): = sup{|f,(P)|: P € M, (4,2, 1)}
We say that the function f is

o of bounded z,u-variation over 4 if vary , (f,A) <
o of bounded unconditional ¥, u-variation if uvary , (f,A) < .

Clearly, if f€ J(A, 2, 1) then [ is of bounded X, u-variation and if f € J,(4, X, 1) then f* is of bounded
unconditional X, y-variation. We then define

Ifll = vars, (f,A) and ||f||, = uvarg,, (f,A),
It is readily seen that each of f = ||f|| and f ~ ||f||, defines a seminorm respectively on the space
J(A, 2, u) and J,(A, 2, 1) and yields a norm respectively on I(4,%,x) and I,(4, %, u). Moreover, the
space I (A, X, 1) and I,,(4, X, u) are Banach spaces.

We have the following proposition.

Proposition 2.1. Iff: Q - Kis X, u-integrable, respectively unconditionally X, u-integrable, over a
given subset A of Q, then for every € > 0, there exists Py € I1(4A, X, 1), respectively Py € I1,,(4, 2, 1), such
that |fu(Q)| < € for every Q € I1(A, X, u), respectively Q € I, (A, 2, u), that does not intersect Py and
such that ||Q|| < ||Poll-

Proof. Fix € > 0. Let Py € I1(4, X, 1) such that we have

- | fdu’ <ef2.

for Py € I1(4, 2, 1) such that P > P,. Fix such a P. Then for every Q € I1(4, 2, u) that does not intersect P,
and such that ||Q|| < ||P, ||, we have P, vV Q € I1(4,%, 1), P,V Q > P, and therefore

fuPv @) - | fdu‘ <e/2.
A
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It follows that

I£,@] = |£f,(Po v Q) — £.(Py)]

< <eE.

fu(P) - f fdu’+ f fd — £ (Py)

The unconditional case is proved in a similar fashion by simply using I1,,(4, X, u) in lieu of [1(4, X, 1t). The
proof is complete. O

For arbitrary X, u-subpartition P and O, we shall denote

PAQ:={Inj:1€PjeQ} and PAQ:=P V Q\P AQ.

Definition 2.2. A function f: Q — K is said to satisfy the Cauchy criterion for X, u-integrability
respectively the Cauchy criterion for unconditional X, u-integrability, over a set A ¢ Q if for every € > 0,
there exists Py € I1(A, X2, u), respectively Py € 11, (A, Z, u), such that

PV~ f,(PAQ| <€
whenever P, Q are elements of I1(4, 2, 1), respectively I1,(4, X, u), such that P, Q > P,,.

We notice that if P, Q € I1(4, 2, u) (respectively I1,,(4, X, u)), then

PV Q) = £(PAQ) = Ifu(PAQL
The following fact is then easily derived.

Proposition 2.2. A function f: Q — K satisfies the Cauchy criterion for X, u-integrability, respectively
the Cauchy criterion for unconditional %,u-integrability, over a set A € Q if and only if for everye > 0,
there exists Py € I1(A, X, u), respectively I1,,(A, X, u), such that |fu(Q)| <€ for every Q€I(A2,u)),
respectively Q € I, (A, X, u), that does not intersect P,

We have seen (Proposition 2.1) that every X, u-integrable, respectively unconditionally X, u-integrable,
function satisfies the Cauchy criterion for X, u -integrability, respectively the Cauchy criterion for
unconditional X, u-integrability. It turns out that the converse also holds. This follows from the general well-
known fact that for nets taking values in a Banach space, the Cauchy net condition is equivalent to the net
convergence (see for example [12]). Clearly, the two Cauchy conditions introduced in Definition 2.2
correspond exactly to the Cauchy condition for the nets I1(4,%,u) 3 P » f,(Q) € Kand I1,(4,2,u) 3 P =
f.(Q) € K. It follows that

Proposition 2.3. 4 function f: Q — K satisfies
o the Cauchy criterion for X, u-integrability over a set A € Q if, and only if, f € I(4, X, ).

e the Cauchy criterion for unconditional X, u-integrability over a set A € Q if, and only if, f €
L,(AZ, ).

The following result gives useful characterizations of unconditional integrability.

Theorem 2.1. Let f: Q — K. The following statements are equivalent for a subset A of Q.
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1. fis unconditionally X, u-integrable over A.

2. For any injection w:I' — A, the function y = f(w(y)) is X, n-integrable over I', where the
integrator n: w~1(X2) — K is defined by n(@w~1(E)) = u(E) for all E € X.

3. Forevery function a: A = {—1,1}, the function t + a(t)f(t) is X, u-integrable over A.

4. For every bounded function @: A — K, the functiont w @(t)f(t) is X, u-integrable over A.

Proof. We have 4. = 3. and 2. = 1. are obvious. To see 1. = 2., suppose f € I,(4,2,u) and let € > 0.
Then there exists Py € I1,,(4, 2, 1) such that | fu (R)| < € for every R €I1,(4, X, u) that does not intersect Py.
Let@w:I" — A be an injective mapping. We can choose Q, € IT,(I', @~ 1(2), ) so that (Q,) > P, . Again,
by injectivity of @, if Q € I, (I, @ ~1(£),n) and Q N Q, = @ then @(Q) N w(Q,) = @ and therefore @(Q)
is disjoint from P, and we have

|f e @, (@) = |f,@(@) <€
Hence, the functiony = f (w(y)) is w~1(X),n-integrable over I'. We have established that 1. = 2..
To show that 2. & 3., let 'y = 07 (1) and 'y = 07 1(—1). ThenA=L Ul ;and {UT_; =@. Let

w:'y > Aand w_1:'_; = A be respectively, the canonical injection of I'y and I'_; into A. Then the
following two functions

vehLw f@®)=Ffy) andy el fl@,¥) =f¥)

are both X, u-integrable over 4 if and only if

yPra@fW) =1, + 1, WMfy)
is X, u-integrable over 4.

3. = 4. We give the proof for the real case. The changes for complex case are straightforward. Let ¢: A - K
be bounded and fix P € [1(4,X,u). Let 6: A — {—1,1} be defined by a(t) = sgn(f(t)u(l)). Then

> SEDFE) u)

Iep

< DI ERDI < supp©] Y 1f E)u(D)

Iep Iep

< supg(© ) oEf (D) < supd(®)
teEA teA

Iep

> o) fEu)

Iep

The desired result follows. The proof is complete. O

Corollary 2.1. 4 function f: Q — K is unconditionally X, u-integrable over A if and only if it is
unconditionally X, u-integrable over all subsets of A.

Theorem 2.2. I f: Q — K is unconditionally X, u-integrable over A, then for any injection w:I' — A

fA fdy = L L

where the integrator n: w~*(2) - K is defined by n(w™*(E)) = u(E) for allE € X.

Proof. Assume that € > 0. Choose Q; € (@ 1(4),w 1(Z),n) such that
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€
f foadn —fewm, (Q)| <%
o) 3

Choose P; € IT,,(A, Z, 1) such that P; > w(Q,) and

€
fulP) - fA fdu‘ <%

By injectivity, we can choose Q, € I1(w~1(4),w *(X),n) such that w(Q,) > P; and

€
f fomiy —fom(Q,)| <3
@ 1(4)

Choose P, € IT,,(A, 2, u) such that P, > @w(Q,) and

3

€
fu(P) - f fdu‘ <<

Continuing in this way, we construct sequences n = B, and n — Q,, such that @ (Q,4+,) > B, > @w(Q,)

wd € d d €
L_lmfo n _f°“’n(Qn) <3 an fu(Pn)—fA fdu| <3

Now we let H = Upey Q,, and define @ H — A by @ (t) = @ (t).

By our hypothesis, the function t — f (w’(t)) is also X, u-integrable. On the other hand, it follows from the
above two inequalities that

€
<-
3

<% and
3an

f fowdn —feow' (q,) f(@@,)) —f fdu
@~ 1(4) 4

We notice that

fom @)= ) f@EME) = D [@EDH@ D) = Q.
1€Qn @'(Ne@'(Qn)

By the uniqueness of limit, we must have [ LS fm f oaxdn as to be shown. O

-1(4)
It follows that if f € 3, (A, %, 1), then in particular, both f and |f[ are in I(4, 2, ). We shall denote by
ﬂl(A,Z', ) the space of all functions such that both f and |f] are in J(4, X, u). It is then easy to see that
J,(A, 2, 1) = JY(A, X, u). More generally, for 1 < p < o, we denote by JP (4,2, u), respectively by
IP(A, X, 1), the space of all functions (all classes of functions) such that |f|P are in (4, X, u), respectively in
I(4, X, 1). By a standard argument, one shows that 7 (4, X, 1) and I” (4, Z, u) are complete spaces.

For the particular case where X' is a g-algebra containing the Borel sets, x is the Lebesgue measure on X,

and A a measurable subset of Q, then the space of unconditionally X, u-integrable I*(A, X, 1), corresponds
exactly to the Lebesgue function space L' (4, Z, u).
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We finish this section by noticing that if £, € %, in 2% then I1(4, %, ) < II(A,2,,u) (respectively,
m,(A,2,u) cI,(A 2, 1t). Hence, we have the following proposition stating the relationship between
Xy, u-integrability and X', u-integrability. (See [2] for more details.)

Proposition 2.4. Assume that £, € Z, in 2° Then for every A € 2% 1(A, Z1, 1) < I(A, Z,, 1),
ju(Aizluu) c ju(A' 22'/")) andforf € 7(A,21,,u)

dug, = | fdus,.
L f Us, L f Us,
3 Derivative of Set Functions and Conditional Excpectations

In this section, we discuss the notion of derivatives of set functions and conditional expectation. Let
(Q, 2, u) be a non-negative finite integrator space and let F be a sub-g-algebra of the s-algebra X. Let
Uz denote the restriction of u to F. Then (L, F, uz) is a non-negative finite integrator space. We infer from
Proposition 2.4 that 3(Q, F, ur) € J(Q, 2, 1). In what follows, we shall simply write 7(Q, F, 1) in lieu of u
and [ fdu in lieu of [ fdpu...

Definition 3.1. Let 4 be a non-negative integrator on (Q,X). We say that a set function v: X - K is
absolutely continuous with respect to u and we write v < p if for every € > 0, there exists o > 0 such that
[v(E)| < € whenever E € ¥ with u(E) < 6.

For example, if f € J(4, X, 1) then the set function v defined by

v(E) = f fdu

is absolutely continuous with respect to u. The following theorem, which is a particular case of Theorem 10
of [4] states that essentially, all u-absolutely continuous integrators occur in this way.

Theorem 3.1. Let (Q, X, 1) be a non-negative integrator space. Let v be an integrator on (Q, X) with the
property v < U. Then there exists a function f € (A, X, u) such that

v(E) = fE fdu

for all E € X. Moreover, fis unique in the sense that if g is a function with the same property then f= g u-
almost everywhere.

It is worth noticing that unlike the Radon-Nikodym derivative of a measure, the above density function f
does not need to be Lebesgue integrable, let alone measurable. Such a function f'will simply be called the u-

derivative of the set function v. In particular, if F € X is a sub-c-algebra and f € 7(4,%, 1) (not
necessarily absolutely integrable) then the set function v:Y — K defined by v(E) = fE fdu is u-

absolutely continuous. Its u-derivative is denoted by E(f|F) and is called conditional expectation of f
with respect to F.

We thus have the following result:

Theorem 3.2. Let (Q, X, 1) be a non-negative finite integrator space and F C X is a sub-c-algebra. Any
function f € (A, X, u) admits a unique conditional expectation E(f|F).
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Again, being a u-derivative, the conditional expectation is not required to be measurable. Nonetheless, it
does have most of the basic properties of the classical conditional expectation for Lebesgue integrable
functions. Namely,

The mapping f = E(f|F) is linear.

If g is F -measurable and |g| < o u-almost everywhere, then E (gf |F) = gE (f|F).

E(fI2) =f.

fE E(fIF)du = fE fdu forevery E € F.

If V' denotes the o-algebra consisting of all subsets B in 2 such that u(B) = 0 or u(B) = u(2), then

E(fIN) = [, fdp.

RAEE i e

4 Extended Ergodic Theorem

In this section, we introduce a mild extension of the concept of ergodicity. We agree to say that an integrator

space (€, X, u) is a State system if the set system X contains Q and the integrator x4 is a non-negative
finite integrator, that is, u: X' — [0, +0).

If (Q, X, 1) is a state system, then the set function u*: 2% — [0, +o) given by

W' (B) = inf{Z u(P): P € 1(Q, 2, 1)

I1epP

is a well-defined integrator that clearly seen to extend the integrator u to the whole power set 2. It will be

called the sigze-function associated to u. It follows from Proposition 2.4 that if f € 7(Q, X, u) then
f €3(2% 2, u") and one has

fB fu = j fdu,

orall B € 2%

The following definition slightly extends the concept of measure-preserving transformation.

Definition 4.1. Let (Q,2;, ;) where i = 1,2 be two state systems. A map T: Q; — Q, is said to be Size-
preserving if u,*(T™1B) = p,(B) forall B € %,.

In particular, a map T: Q - Q is size-preserving if u*(T™1B) = u(B) for all B € X. Observe that our
definition does not require the measurability of the transformation 7.

Our next definition is a mild extension of the concept of ergodicity.

Definition 4.2. Let (Q,2,u) be a state system. Then a size-preserving map T: Q — Q is said to be
ergodic if for every B € X, whenever T"'B = B, then u(B) = 0 or u(B) = u(<).

Again, the measurability of the transformation 7 is not required in the above definition of ergodicity. The
following lemma is useful.

Lemma 4.1. Let (Q,2,u) be a state system. Let T: Q — Q be ergodic. Then for every B € X such that
u (T™1B A B) =0, one has u(B) = 0 or u(B) = u(Q).



Robdera and Kagiso; ARJOM, 5(4): 1-12, 2017, Article no.ARJOM.35466

Proof. For each k € N, we have

k—1 k—1
TBaBc| [TT®VpaTB=| |T7(T'BAB).
U Jress)

Since T preserves sizes, we have

k-1

W(T"'B A B) < Z u (T—i(T—lB A B)) =k (T'B A B) = 0.
i=0

Let C = Nyp=1 Ujf;nT‘jB. Then clearly, 7'C = C and since T is ergodic, we have u(C) = 0 or u(Q). We
also have

u <B A U T—f'B) < Zy*(T‘lB AB)=0.
j=n n
j=n

Sincce BACCBA Uj?:nT‘jB, we have u*(B A C) = 0. In particular, we have u*(B\ C) = u*(C\ B) =
0, and

w(€nB) s (C)sp (C\B)+u(CnB)=pu(CNB).

Hence p*(C) = p*(C N B). By a symmetric argument, we also obtain p*(B) = u*(C N B) and therefore we
have p*(C) = p*(B) =0 or u(Q). O

We denote by F(Q) the set of all complex valued functions on non-empty set Q. Let (€;, 2;, 4;) where
i = 1,2 be two state systems, and let T: Q; = Q, be a size-preserving transformation. Define an operator
Ur:F(Qq) = F(Qy) by Ur(f) = f o T. The following facts about the operator Uy are easily checked.

Ur is a linear operator.
Urc = ¢ where c is a constant.

If f € J(Qy, 23, ), then Ur(f) € I(Qq, 21, py) and le Ur(fdu, = fgz fdu,.
Let p = 1. Then U7JP(Q,, 25, 1y) € TP (Qq, 24, pe)-

el A

Using the above properties, one obtains the following characterizations of ergodicity.

Theorem 4.1. Let T be a size preserving transformation on a state system (Q,%,u). The following
Statements are equivalent:

1. T is ergodic.
If f € F(Q) satisfies Urf(x) = f(x) for u*-almost every x € Q, then f is u*-almost everywhere
equal to a constant function.

3. If fedP(Q,2Z,u) satisfies Upf(x) = f(x) for u* -almost every x € Q, then f is u* -almost
everywhere equal to a constant function.

Proof. 1. = 2. Suppose f (T(x)) = f(x) for u*-almost every x € Q. Assume without loss of generality that
fis real valued (otherwise, we consider separately the real part and the imaginary part of f). For each n > 1
and k € Z, define

k+1}

k
Bny = {x € Q:ﬁﬁf(x) < 5n

10
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Since T is ergodic, Lemma 4.1 implies that ,u*(Bn,k) =0 or u(Q). In fact, being non-decreasing and

k, € Z such that ,u*(Bn,kn) = u*(Q). Let B = Nyen Bny,. Then u*(B) = p*(Q), and if x € B, then |f(x) -
#2n<12n for all n€N. Hence fr=limnz—wkZ7 and / is u*almost everywhere equal to a constant
function.

2. = 3. is obvious. For 3. = 1., suppose 7"'B = B and u(B) > 0. Then the indicator function 15 € 77 (Q, %, 1)
and 1poT = 1,1, = 1p. Hence, by 3., 1pis u*-almost everywhere equal to constant function, i.e. 1p = 1g
u-almost everywhere and therefore u(B) = u(€). The proof is complete. [

k . .
bounded above, the sequence n — on converges. Since for each n > 1, one has Q = Ugez By, there exist

As a way of application, we now state and prove our promised extended version of the Birkhoff’s Ergodic
Theorem.

Theorem 4.2. Let T be a size-preserving transformation on a state system (Q, 2, u). We have

1. Iff € 7Y(Q, 2, 1), then limnﬁw%Z’{L_olf(Tix) exists for p-almost every x € Q.

1

2. Iff €IY(Q, 2, 1) and T is ergodic, then limn_,w%Z{Zolf(Tix) = Jo fdu.

Proof. Let f € 71(Q, X, u) andlet B = {x € Q: Upf(x) # f(x)}.
o Ifu*(Q\ B) =0, then f is y-almost everywhere constant and therefore for y-almost everywhere x,
the sum %Z?:_ol f(Tix) is constant and so lim,,_,, %Z?:_ol f(Tx) exists for u-almost every x € Q.
e Ifu*(B) = 0, then for n large enough, the expression

n—1

(@) NI PPN ()
,un Zf(Tx)=ZOf(Tx)ﬂT

i=0

is an unconditional 2%, y*-Riemann sum of f associated to a 29 y*-subpartition P of Q consisting of subsets

of size equal to @ The tagging points being chosen to be the elements x, Tx, T2x, ..., T™ 1x of the orbit
of x. Since f € 7*(Q, X, u) then f € 7*(Q, 2%, 1) therefore limn_m%Z?;Ol (Tix) = ﬁfg fdu exists. This

completes the proof of part 1.
For part 2., we need to consider the g-algebra of Zrof T-invariant subsets, namely
Xr= {B ET:T"'B=B 1 almostever ywher%

If T is ergodic, then the g-algebra Xy corresponds exactly to the the g-algebra V" consisting of all subsets B
in X such that u(B) = 0 or u(Q). Therefore

B(fIE) = EGIV) = [ fu
Q
On the other hand, since f € 7'(Q, X, 1), we have [, fdu = [, fdu*. The result follows from part 1. O
5 Conclusion

This paper essentially gives useful characterizations of unconditional integrability of scalar valued functions
with respect to a non-negative integrator. As an application, a simpler statement of a more general ergodic
theorem is obtained. The author believes that the interest of this paper lies not only in the obtained results,
but also in the light it shed on the very foundation of the study of integration theory.
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