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Abstract

Research objects are components of educational procesacrasystem of educational process
formation of competence of a pupil (of an educational grougjeBsys representing mathematical models
of competencys, ontologies, textbooks. Research objectieesonstruct mathematical models |of
components of educational process, to investigate a gnesti stability of these systems and their
possible classifications, to consider research methodsawfels (quadratic forms) on convexity|—
concavity, on positive and negative definiteness.

Keywords: Mathematical model; macrosystem; competency Maegov process; stream density; matrix of
system.

1 Introduction

Process of education and of formation of the personality happeth&e complicated, dynamical system.
Educational process makes the operating actions on thigrsyBteblems of mathematical modeling of
educational process are considered in the works of many auiffese are many different models used
in the researches: difference equations [1], Markovnshd?,3,4], Bayesian approach [5], differential
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equations [6]. Important components of educational processnaaerasystem of competence formation [7],
competences systems [8], ontologies [9], textbooks (manddlk) [

The article considers algebraic, matrix and diffednthodels of components of educational process,
method of research of their stability and method ofcheata correction with stability preservation, offers

variants of components classification of educationatgss (through convexity — concavity, though positive
and negative definiteness of the corresponding quadiatiesf and also through curvature, torsion and a
gradient of the vector decision).

This work is of actual significance as it is connected witimum functioning of the components of
educational process the practical importance of work isrrdeted by high extent of direct use in
educational process the scientific importance consistsplicapon of steady solutions for functioning of
educational system.

2 Macrosystem of Educational Processfor Formation of Competence

2.1 Model formulation

Fig. 1 shows the generalized scheme of the educationagsaction on formation of competence of a pupil
(an educational group) with a discipline. This systemiisacrosystem of educational process.

Evaluation of
formation of competence

element S-P;
Xqum
Planning and organizational work to verify P
competence elements S5-Pe

S-Ps

Mastery Development Education of Patriotism
knowledge of memory morals and education
and skills and logical spirituality
thinking
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M2t M3 | Ha1 Ma | Ha Ms/” ps1
\ 4

materials on disciplir

Analysis and correction of teaching - methodical

Si-Py
2
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A 4
Planning and organizational, teaching and methodica,
SP, educational and scientific work on formation of
competence elements

Fig. 1. Macrosystem of educational process
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Fig. 1 denotes states of system throggland shows structural links of the system. The systenfivas

horizontal levels. These levels are connected with &ion of competence elements. This system has the
following assumption:

1) The system can be only in one of structural links atéme level,

2) Correction of a task solution on this structural link on teimporary interval comes to correction of
the work of the corresponding link (of one only) of the pvasihorizontal level,

3) At present time only one level of system is active, theaipgy signals of information stream with

densitykij (M i) translate the system of this level to other leltetan be orders, instructions,

questions, service instructions, etc. These information angswveighed in accordance with their
priority.

A conclusion can be drawn that the system is only in orlesséa any moment. At any moment on the third
level (from the bottom upwards) there is only one of thmas: 1) development of knowledge and skills, 2)
development of memory and logical thinking, 3) education ofatsoand spirituality, 4) patriotism
education. These four indexes are weighed according to thpwriamce. Importance is estimated by
experts. If a signal of the insufficient competence of a g@apileducational group) in some of these indexes
comes from the top level, then the corresponding work rifoymeed at the previous levels. L& denotes

probability of the status;. The process proceeding in system can be considered rkevidaprocess as
transition from status to statuss; doesn't depend on the system’s transfer to stgtus

2.2 Method of solution

Basic data may be described as a continuous Markbwis cThe densitﬁuij of streams of the main units is

evaluated. These units characterize educational work ofa@doal institution. These are streams of
informative units. They are connected with the integratedrait of complexity, importance and of mastery

extent [11]. Streams can have a two—way direction: fero s; and froms; to § (>i). Symbol Kj;
denotes corresponding densities. These streams hawer léyel responses to the influence of subordinate
levels. Parameterg; , Lji (i :0_,6,j 21_7) correspond to streams density of standard and real yqualit
indexes. They can depend on the time. This is Kolmogorgstems:

Po(t) = nyoPr(t) =4 o1 Po(t);

Pi(t) = Lo1Po(t) + nogPo(t) + nagPa(t) + ng1Py(t) + usiPs(t) -
=R Pr(t) =RqgPi(t) =Ry Pr(t) = A5 P (t) —pygPi(t);

Po(t) = AaPr(t) + ngaPs(t) —AoePo(t) — oy P (t);

P3(t) = A13P(t) + ne3Ps (t) = A3 P3(t) = 31 Pa(t); @
Pa(t) =h14Py(t) + peaPe(t) = a1Pa(t) = L agPa(t);

P5(t) = L5 Py (t) + nesPe (t) = Asg Ps (t) = ns1Ps (1);

P (1) = A6 Po (1) + A3 P3(t) + k46 Ps(t) + AsgPs(t) -

—1e2Ps(t) — e3P (t) —1eaPs(t) = 1esPs(t) —Ag7Ps(t) + 176 P7 (1)
Py (t) = %67 Ps (t) = 1 76P7 (1)

Po(t) + Pr(t) + Py (t) + Py(t) + Py(t) + Ps(t) + Ps(t) + Py (t) = 1.
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Density & , Kji (i =0_,6,j :ﬁ) is considered as constant. The common decisi@ysiém is made with

usage of the decision method of linear uniform eyst of the differential equations with constant
coefficients:

Po(t) =CiXo1 + CoXg2 + ... + CeXog + C7 %07,
P(t) =C1Xqq + CoXgp +... + CeXgp + Cr X7,

P (t) = CiX71 + CoXgp F ... + CoXgg + CrXe7,

where x; = Pijexit (j :J,_Y) is the decision of system (1), corresponding tgeevalue} (j=17) and
vector (R;,Ry;....,P,;) of the matrix of this system

“Ao1 Hio 0 0 0 0 0 0
hor  -M2-Riz- Ho1 Haz1 Haz Hs1 0 0
-A14-M5-Hio
0 A “Ae-nz O 0 0 He2 0 @)
Ao = 0 s 0 ~hzg-p3 O 0 He3 0
0 Ma 0 0 -hag-musy O Hea 0
0 s 0 0 0 -Msg-Hs1 Mes 0
0 0 A26 A3g TS Asg ~He2-He3- Hre
-Mes-Hes - 67
0 o0 0 0 0 0 Ag7 - li7g
If 7»”- oM depend on the time, other methods of the decisima used. Vector function

F) =(R;(),P;(1),....R; (1) is the important functional characteristic of syst(1). For this function

such characteristics as curvature, torsion, andigmaare defined. These characteristics are umeahflysis
and classification of the system (1).

In the stationary regime (at rather big period iofett) all p (i =07) are constant, alR'(t) (i :ﬁ are

equal to zero, and i.e. there is a uniform systérhe algebraic equations. ProbabilitiE?ls (i 267) are
found in solving of this system. The probabilitycharacterizes average relative time of the systesaly in
this status. Let vectop,...,p) is used as a reference, and basic data are @mfr@ctcase of essential

differences, i.e. density; andltji of transferring streams.

2.3 Resear ch of steady functioning

There is a problem to define deviations from stath@a possible. This task is connected with conckfite
system'’s stability and is one of the major taskiinthegy normal functioning of a civil society. Thissk is
aimed on preservation of ethical, legal, and ecaooatandards regardless different negative inflesn@he
model is structurally steady if quite small changethe model’s structure result in such behavibiclv is
qualitatively similarly to behavior of the initimhodel [12]. There is a problem of steady functignaf the
considered system (Fig. 1). The functional systean be described as a system of linear differential
equations
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dx. .
T;:ailxl+ai2x2+"'+ainxn1 1=1n: ©

H}(t)H is a norm of the vector arﬂ&(t)H = M)+ +..+x2(0) -

The decisionx’(t) is steady if decision&(t) enough close to it at any initial momegtentirely sink into
any narrow€ - tube constructed round the decisiTB@) . The decision@(t) is called asymptotically steady

ast - o jf:

1) This decision is steady;
2) There is suchh=n(t,)>0 for anyt,0(0,~) that all decisions«(t) (t,<t<w) with the condition

H}(to) -x°(t,) x(t) - x° (t)H =0.

<A have a propertytiim

The linear system (3) is called steady (asymptiyicsteady), if all its decisiong((t) are steady (are

asymptotically steady) ak — oo. If the system has levels, each of which contairms elements, then
a; (i, ] =1n) is a generalizing characteristic of functioningug element, . If at some level the number of

elements is less themthencorrespondinwij are equal to zero. Generala{j are functions, in specific

case they are numbers. The following matrix is i@gph the analysis of the system on stability.

1 & 3
A8y 8p .. 8y (4)
anl anZ ann

The matrixA has exactly eigenvalues}y,/75,...,/],,, Which are equation roots

(aﬂ']‘_,?) a2 &,
..... %1 (@) . % =0 (5)
u &n2 (@n=17)

This equation represents the algebraic equation:
n" +oy" 4.+ by +b, =0, ®)
If all elementsaij are numbersp, (i =1,n) are numbers.

It is known from the theory of stability:

- The system (3) with the matri& is steady if and only if all eigenvalues of thetrxaA have
material (valid) parts smaller or equal to zero,

- The system is asymptotically steady if and onlglifeigenvalues of the matri& have negative
material parts,
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- The system is unstable if and only if its matéxhas at least one eigenvalhefor which the
material part is both positive or equal to zerastithe rank of the matribA —71 is less than
multiplicity of eigenvalue/7, wherel - is a unit matrix.

The equations of type (6) of high degrees haveememl expressions for roots. Then the followingasg
matrix (Hurwitz’s matrix) of coefficients of theg#braic equation may be constructed:

bb 1 0 0 .. 0
L T
b; b, by b, 0

If  m>n, thatp_ =o0.

According to Hurwitz’s stability criterion, the ggsn (3) with the matriA is asymptotically steady, if and
only if all main diagonal minors of the corresparglof Hurwitz's matrix:

L bb 1 0
A1=b_Lr Azzbl rA3=b3 bz 17"-7An=bnmn—1
S I S

are positive, i.ep; >0, i =1,2,...n.

The system (1) is a linear system of type (3), Whiatrix has a form (2). It is possible to inveategsystem
(1) on stability at specific values of density usthe mentioned criteria. Stability of system shawirig. 1

will follow from stability of system (1). Let derti Xij , uj of streams of informative units be constant.
The standard variant of the system’s functioning is

N :E&j 21_7)

This condition is formulated as follows: real urgtanding of training material corresponds to tladard
understanding (for example, the number of the wtdeding didactic units corresponds to the standard
Therefore, the matrix,in this case is symmetric and the square form spmeding to it and representing
algebraic model of this system is convex if andyahkll main minors of the matrid, are non-negative,
and square form is concave if the first minor i positive, the second — non-negative, the thirdot
positive, etc. Thus there are three types of gsystd) the system is represented through a conwwtion;

2) the system is represented through a concaveéidan®) the system is represented through a fanaif a
general form.

Quadratic forms of such systems can be charactemdth such indexes as curvature and torsion, and
accordingly to classify systems. There are threedyof representation of an educational procedsrayd)
using positively one-signed quadratic form, 2) gsitegatively one-signed quadratic form, 3) altengat
form. Thus the system can be considered as stabtase of negative one-signed quadratic form of the
matrix 4o, as the system with the matrit is steady if and only if all eigenvalues of thetrxad, have

material parts negative or equal to zero. If theérxal, isn't symmetric, lex; be a differenceuj; —Kij if

Hii >N, and - , if [ < Xij . Generally let this difference biij .
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The following optimum valuestg, X1, Xa1, X41, Xs1, X2, X631 Xe4- Xg5, X7 are found for the analyzed task so
that the system with the matritg is steady and at the same time the sum

T = X210+ X221+ X231+ X241+ X251+ X %62+ X %63 + X %64 + X %65+ X 76 Of squares of these variables is
minimum. LetM be a set of these variables. Let us considerdlf@fing method of this task’s solution.

The following characteristic equation (6) is fouied matrix Ao The following Hurwitz's matrix” is built on
the basis of this equation and criterion of Hunsitstability is determined. This criterion consigsif
positivity of the main minors of the matrix Thus, each minon, (k=1g) is presented in the form of the

algebraic sump, = @, (X0, Xo1, Xa1s X415 Xs1» Xe25 Xez» Xea» Xgs0 X76) Of Certain products of variables
Zj (Z]- OM) with numerical coefficients. These coefficiente axpressed through products or algebraic

sums of products of nonzero elemehﬁg, L of the matrix4o. Thus, the following problem of nonlinear

programming is solved. An extremum of functi®ris investigated under conditioag > 0 (k =18) . For

decision it is possible for example to use a metbbéhternal penalties in combination with Newton’s
method, a method of expanded lagranzhian [13].

In case of the minimum value of functidnthere is a minimum correction of the matry within its
stability. It is stability of the corresponding . In case of the maximum valueTothere is the greatest
possible correction of the matriy with stability preservation. In solution of thessk, the symmetric matrix

is considered as a standard matrix. This matriisfeeg to the equality of streams’ densitigg =?uij .
However, generally the system corresponding to suatnix cannot be steady.

A little simplified (for reduction of calculationshpacrosystem of educational process with stﬁgssz,

53, 56 and the corresponding connections is consideregnasxample where afl and L are equal.
The differential system is converted to the form:

R(t) = APy (t) + AR (t) — 2AR (1);

R (t) = AR (t) + AR (t) — 2AR(1);

P (t) = AR (t) + ARs(t) — 2AR5(1);

Ps(t) = AP, (t) + AR5 (t) — ARs(t) — 24Rs(1);
R(t) + P(t) + Ry(t) + Rs(t) = 1.

In this case the equation (6) is:

n*+87°+20% +167 = 0.

The corresponding system is steady according tevitiis criterion because all main minors are pwsitilt
is supposed that al are equal, and all are different and distinct from. .

andiji =/][y

Let,uji=/1+§ ji

ji
Equation (6) in this case has coefficients thatedepon the algebraic sum of the variabfe§ and their
products with numerical coefficients. There arecoefficients for simplification of the record. Sgtical
supervision show@l < y;; <b.
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The maximum of the sum

_=2 ~2 ~2 ~2
T=y21+yY°31+Y“62+Y“63

is derived at Hurwitz's restrictions concerning iggigy of the main minors with use of Mat lab (for
examplea=-2,2; b=22):

Vo1 =1, Y31 = 21, Y2 =~11, Y3 =0,093 Tpa = 663.
Thus maximum deviations of density of streams aceived, at preservation of stability.

A density 15, has deviation equal td . It means that density 5, can be increased b)ﬂ . A densityp 4,
has deviation equal t@14, density can be increased byi. Density 1,5 can be increased bjl1 ,

L3 can be increased ly0931.

3 A Mathematical Model Competency

Stability of other components of educational predesnvestigated. Fig. 2 shows the competencyRied
of the discipline "The mathematical analysis" (weog 0800000 "Economics").

Fig. 2. Competency tree

Competence PK-5 A, A, is an ability to choose instrumental means forcessing of economic data
according to a formulated problerv",\3 is an ability to analyze results of calculatiomsl &o justify the
received conclusionsp?y is an ability to choose -type instrumental meansi €1,n,) for processing of
economic data of type (j =1,m,) according ta type (t=1s) of problem; A, is an ability to analyze the

results of calculationS'A5 is an ability to justify the received conclusioné;4ijt is an analysis with
application of mathematical apparatugi =1n,) for the result (j =1,m,) of the calculatiort (t=1s,);
A% is an justification with application of the type mathematical apparatus=1n,) for a conclusion of

- type (j =1,m,) . Transition is characterized from top to downwhyddensityxij , from bottom upward by
density W ji , iIZI{lll...,nszsz}, i D{ll...,n3mg}.
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This tree can be turned into a system if it is @drimto an information network. For this purposeukeinput
the nequ, top corresponding to a specific pupil. We conribist top to all hanging tops of the tree. Each

edge is replaced with a pair of opposite directethes. Weights of these arches are equal to density
information streams according to the planned armdkrstood educational information of this pupil. S&e
are streams of key concepts, examples, tasks, ésts They are weighted according to degree df the
importance, complexity and understanding. It iSrdarmation network. This system is considered dnly
one status at any moment, and it is possible tsidenthat Markov’s process takes place in thisvoek.
Such assumption is well defined. First, this corapey consists of elementary subcompetencys, teus th

a process of their study according to the impogartomplexity and extent of understanding; second,
subcompetencys are formed also consistently. Trereit is Kolmogorov's system of differential edgoas

(7). This system is mathematical model for compstdormation process of this pupil. The decisiorthef
given system is similar to the decision of the eys{1):

B (1) = (a2 * 12 RD) + 2pgPo(t) + AagPy(1),

Py (€)= ~Oupy * Hpnaa+ e+ Hanme ) Po(0) *+ 24 R () +
+h112R1a(t) o F A s 2Prms (),

Py (1) = ~(hay * bas * Has) Po(1) + 1ygRi(t) + 2gPy (1) + dsgRe(0),

R (1) =14 P® -2 RO, 10{111....nmysy),

P (t) =pg R -2 5P, ] OfLL...,ngmy).

()

Thus, the competency matrix is similar to the mafs). It is possible to introduce a classificatioh
competences by indications: convexity - concaiigsitive - negative definiteness of the correspogdi
guadratic forms. Competency is steady (is asynuaibyi steady) if Kolmogorov's system of differentia
equations is steady (is asymptotically steady). @stency on stability (on asymptotic stability) is
investigated using criterion of stability (of asyiogic stability). It is performed in the same wag/far the
competency formation macrosystem which is constlat®mve. Ontologies are analyzed similarly.

4 Mathematical M odel for Description of Textbook Studying

The system for description of studying a textboBlg( 3) is considered in [10]. It is shown thatist
Markov’s process.

Hoir Uiy Has Mm-1m
> — —_—> . ——
SO < Sl < SZ «— . —— Sm

Hao [ Haz Hmm-
Fig. 3. Studying of atextbook
Wi j+1 is density of "failures” in understanding of triaip materialy, ., ; is density of eliminated "failures”.

It is assumed that the corresponding Kolmogorowstesn of the differential equations is steady
(asymptotically steady). Then textbook studyingcpess may be determined as steady (asymptotically
steady). It is possible to introduce a classifmabf textbooks concerning convexity - concavitgitive and
negative definiteness of quadratic forms represktite textbook. With use of quadratic forms it asgible
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to carry out an analysis of stability (asymptotizhlity) of textbooks, like it was made for the enasystem
(Fig. 1). The system (8) represents differentiatlel@f textbook studying:

Ry (1) = —oP (1) + iR (),
B =i+ is) B+ B (t) +1iyqiRaa(t), 1=1m-1, (8)

P )= _Hm,m—lpm(t) + Hm—lmpm—l(t)-
5 Conclusion

This article considers differential, matrix andefdgaic models of ontologies, textbooks, macro sydiar
competence formation and derives classificatioriha# component, reveals methods of analysis o thei
stability and on asymptotic stability and methodbasic data correction with stability preservation.

This system description of influence of educatiguracess on personality formation and on developroin
civil society finds a broad application in educatb institutions in searching of optimum influengin
streams and for definition of such indicators whaslsume steady functioning of the analyzed systems.

The method of correction of initial parameters aiueational process, methods of classification of
components, constructed algebraic, matrix andrdiffigal models are considered for the first time.

Priority of considered component is a macrosystesmpetence, ontology, textbook. For determinatibn o

weight coefficients it is necessary to carry o thctor analysis on the basis of statistical dites the
subject of a separate study.
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